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Abstract

This paper is devoted to study the following nonlinear elliptic problem with Neumann boundary
condition, (P,) : —Au + pu = Ku® | u > 0 in Q and du/dv = 0 on 9Q where 2 is a smooth
bounded domain in R* 4 is a positive parameter and K is a C® positive Morse function on
Q.

variational structure J, we prove some existence results of (P,).

Using dynamical methods involving the study of Palais-Smale condition of the associated

Keywords: Variational problem; critical points; palais- smale condition.

2010 Mathematics Subject Classification: 35J20, 35J60.

1

Introduction

Let us consider the nonlinear Neumann elliptic problem:

(Py) —Au+pu = ul, u>0 in Q
o Ju = 0 on 99,
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where 1 < ¢ < oo, Q is a smooth bounded domain in R*, y is a positive parameter and % is the
normal derivative of u.

It is well known that problem (P,,,) appears in several domains of applied sciences. For example,
in biological pattern formation, it was used as a steady-state equation for the shadow system of the
Gierer- Meinhardt system [1] and as parabolic equations in chemotaxis, (Keller-Segel model [2]).

For the subcritical case, i.e.q < Z—f; it was proved by Lin, Ni and Takagi [2] that, if u is very small,
the only solution of this problem is the constant one, however they proved that this problem has
a nonconstant solutions which blow up at one or several points for large p. concerning the critical
case, i.e. ¢ =5, it was shown that, the only solution of problem (P, ,) is the constant one when p
is small and in convex domains [3].

Note that, many works has been devoted to study the solutions of problems of type (P,,,) with the
Dirichlet boundary conditions see for example [4], [5], [6], [7], [8], [9], [10].

In this paper, we study problem (P, ,) for fixed 1 when n = 4 and the exponent ¢ = 3 is critical:

(P,) —Au+pu = Ku®, u>0 in Q
# gu = 0 on 09,

where K is a C? positive Morse function on €.

Our goal is to to provide some sufficient conditions of the function K under which the problem (P,)
has a positive solution.

Before stating the theorems, we will introduce the following notations and assumptions.

For a € Q and X > 0, let
A

) =cp————
(a7A)(I) C01+/\2|a7$‘2
where ¢p is chosen so that §(,,») is the family of solutions of the following problem
—Au=+v* w>0, inR.

(Hq) Let 4o be a maximum of the function K1 = Kjpo and max K (y)yeca < 2K1(yo).

(Ho2) 63%—15(3;0) — gwngl (yo)H(yo) < 0 where cs3, wo are constants defined bellow.

In the assumption (Hz), we also denote by H for the mean curvature of the boundary of © .
In the first part of this work, we establish the following existence result.

Theorem 1.1. Suppose that the function K satisfy the assumptions (H1) and (Hz2). Then problem
(P.) has a solution under the level coo := (S1/2)"/* K1 (yo) /2.

The proof of this theorem is based on the fact that the associate functional J does not satisfy the
Palais-Smale condition along the flow lines under the level co, defined at the point yo which is in
the boundary. The same argument can be applied if the level co defined at an interior point. This
is our aim in the second part of this paper.

(Hs) Assume that y; is a maximum of the function K in Q and

max K (y)yeo0 < K(y1)/2.
We have the following result

Theorem 1.2. We suppose that the assumption (Hs) holds, the problem (P,) has a solution under
the level deo := (S4)Y/2K (y1)~Y/2.
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To briefly outline the remainder of the paper, we introduce the variational function associate to
the problem (P,) and present a basic preliminaries in Section 2. In Section 3, we give some careful
expansions of J associated to the problem (P,). The proofs of theorems will be carried out in
Section 4.

2 Preliminary Results
Let us define the following variational formulation corresponding to the problem (P,) :

_ Jo IVul® + p o u?

(fn K|u|4> 1/2

It is well known that the critical points of this variational formulation J are solutions of problem
(P,) up to constant multipliers. In the sequel, we will assume that the space H'(Q) is equipped
with the norm ||.|| and its corresponding inner product (.,.) defined by

(u) . ue HY(Q). (2.1)

Hw||2:/ \Vw\2+,u/w2, and (w,v) = VwVer,u/wv, w,v € H'(Q)
Q Q Q Q

Weset ¥ ={uc H'(Q)/|u|* =1} and * = {u € £ /u > 0}.

Note that the functional J defined by (2.1) does not satisfy the Palais-Smale condition on X7.
Many authors have studied the failure of The Palais-Smale condition for J (see Brezis-Coron [11],
Lions [12], Rey [13], Struwe [14]).

In the following we will describe the sequences that fail the Palais-Smale condition for J.
For £ > 0 small enough and p € N*, we define

P
V(p.e) ={ue S Bar, .y € 2,300,000 >0, st lu— D K(a) 28| <,

i=1
Xi > e ey <eand \d; < € or \id; > 5_1}
where §; = 5((11.,&), d; = d(ai, 89) and E;jl = Al/A] =+ )\3/)\1 =+ /\1)\J|az — aj|2.
Proposition 2.1. (see [15], [12] and [16]) We suppose that there is no critical point of J in %+
and let (u,) € 51 be a sequence such that J(u,) is bounded and VJ(u,) — 0. Then, there exist an
extracted subsequence of u,, denoted also (u,), a sequence e, > 0 (¢, — 0) and an integer p € N*

such that ur, € V(p,ek).

For sake of simplicity, we will suppose, in the sequel, that If u € V(p,€), then

Aid; < € when i < ¢ and for ¢ > ¢, el < Aid;.

3 Some Useful Estimations

In this section, we will study the Euler functional J associated to problem (P,). We will determine
some expansions of J which are useful in the proof of our results.
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Proposition 3.1. For e > 0 small enough and w = >_}_, K(ai)féé(ai,,\i) € V(p,e), we have the
following expansion

S4 1/2 1 —1 L 1 1/2 C3 1 oK 47rw2 H [¢73
J(u) :(?)/ (Z:K(ai) +2 Z K(ai) ) [1—’—0;)\2»[((%)281/(%)_ 39 2 )\iK('(a)i)

i=q+1

+O<Zsm+z ywAthE ZlOgA )]

r#£k i>q

where

=1 i=q+1
w / 1) c */ Zadz
P SODT T S U )
Proof. We have
Vel 4 fyu? N
J(u) = 2 o = D u € H' (Q). (3.1)
(oo Klul?)
/|Vu| = /K(az | Vo, |? —I—Z/K(a ) V2K (a;)"Y?V8: V6, (3.2)
2]
/Qu —/Q ZK ai)1%6,)? Z/K a;) 152+Z K (a:) 2K (a;)"%8:6; (3.3)
i i#]

So

N = Z/Kal |v5|+uZ/Kaz 152+o Z/V6V6+22/66

i i

D:/QKu4:/QK(;K(M)_I/Q&)‘L:;K(ai)_Q/QKéf—i—O #7/53

On the other hand, we have

/ |Vo:|* = é - §ﬂw2@ +O($) for i <gq (3.4)
4 54 2 Hl@) oo 200K 1

/m a:) = Grus S K () - S0 (a,)—i—O()\?) (3.5)

1
/|v5| = Si40(s)  forj>q (3.6)

J

1
/K&?:S4K(aj)+0(—2) (3.7)
/V(S V6 = 5” /K§ 5 = 5” ; 3/K5j5§:0(aij) (3.8)
Q
We have also

‘/51.2:()(10g2>\i)7 and /6]6120(&‘”) (3.9)



Bouh; BIMCS, 14(4), 1-8, 2016; Article no.BJMCS.24037

Thus,
N = ZK ‘i 57rw2H( +ZK ai) 'Sy
i<q 2 3 )\ i>q
—&—O(uZlOg)\ +ZEZJ+Z/\2+Z )
= S K(a) T 23 Ka) ) - ngK(“f)*lHSLi)
i<q i>q i<q '
+O< Zlog Z+Z€2]+Z)\2+Z )\d )
B ~ 5
_74(_21((6”) 1+2§K(ai) (- ﬂ—wQZK(M i))
O B 4 T+ o+ X e )
i i i<q *
and
B Si 2¢3 OK 2w K (a;)
D:;K(ai) 2|:K(ai)77 . 81/( a;) — e H(a; ] +§K a;) S4+O #]/53
= S (Z K™ + 2 Ka) ™) = )™ 52 G + T )|
i<q i>q i<q A ’
+O 2/53
7]
_ %(ZK(CM)_I + ZZK(ai)_l) <1 _ %ZK((M)—Q [%%(az) + mzjﬁ@%(az)]
i<q i>q i<q ' '

o5 [, #9))

1#]
So

D3 _ ( [ZK i)™ +22K(a¢)71])7% <1 + % ZK(ai)*[%%—f(ai) + ngi(‘“)ﬂ(ai)]

i<q i>q i<q

o)

Using the formula of N and D=2 the proof follows.

Proposition 3.2. Let yo be defined in Theorem 1.1. For Ao large enough, we have
J(8(yo,00)) < Coo(1 — C>\81)

Proof. From Proposition 3.1, we have

o S4 1/2 2 0K _ 47T1U2 log )\0
J(Owo.10)) _(T((yo)) {1 S o (CSE(ZJO) 3 Kl(’yO)H(yO)) + O(M v )]
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where 6§ = %?yo)'

Using the assumption (Hz), the proof follows.

Proposition 3.3. For a; € Q such that \;d; is very large, we have
(B n0) = 817K (@) 72 (14 o(1)).

Proof. From Proposition 3.1, we have

) ~(2) [+ 0 5]

Hence, the proof follows.

4 Proof of Our Results

Proof of Theorem 1.1

Using the fact that Ki(yo) = max K1(y), we get
Coo = (S4/2)K1(y0) " *? < (Sa/2)K1(y)~Y/*  for each y € Q.
In addition, the assumption (Hi) gives coo < SaK (y) /2 for each y € Q.

Thus, we derive that all the levels of the critical points at infinity are above co.

Furthermore, using Propositions 3.1, 3.2 and 3.3, we deduce that J(u) > ceo(l — cg), Vu € V(p,€),
p > 1. Hence, we can always choose € such that for a fixed Ao

J(Oyo.re)) < J(uw), YueV(pe) 1. (4.1)

i e
We argue by contradiction, assuming that under the level co(yo) there is no solution of (P,).
Let u(s) be the solution of the following equation

ou 5(?10 A0)

X Vi), u(0)= w0
95 @, w0 = T

Observe that (4.1) implies that u(s) € V(p,¢), for each p > 1.

Thus, for each s > 0, we have | VJ(u(s)) |> ¢ (c depends only on €). Indeed, if there exists a
subsequence (si) such that VJ(u(sk)) — 0 with the fact that J(u(sk)) is bounded this implies that
u(sk) € V(p,e). Therefore,
9J (u(s))
s

Then, we get J(u(s)) goes to —oo when s goes to oo, this we derive a contradiction.

= — | VJ(u(s)) |°< —¢®, for each s > 0.

Proof of Theorem 1.2

Using the fact that K(y1) = max K (y), we get deo = S2K (y1) "2 < S4)K (y) "2 for each y € Q.

In addition, the assumption (H1) gives deo < (S1/2)K1(y)~*/? for each y € Q.

Thus, from Propositions 3.1, 3.2 and 3.3, we derive that, for a fixed A1, we can choose ¢ so that
J(u) > J(6¢y,,71)), for each u € V(p,e), p > 1. (4.2)

Now, we argue by contradiction and using the same argument in the proof of Theorem 1.1, it is
easy to deduce the proof of Theorem 1.2.
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Conclusion

Thus its been concluded that under some assumptions on the function K, there exists solutions
of the nonlinear Neumann elliptic problem (P,) under levels defined at some boundary or interior
points.
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