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Abstract

The aim of this paper is to analyse thermal elastohydrodynamic lubrication (TEHL) line contact
of rolling a bearing using a non-Newtonian fluid that is described by the power law model. The
performance characteristics of the rolling bearing are determined for various index for dilatant,
Newtonian and pseudo plastic fluids. The one-dimensional Reynolds and energy equations are
both modified to incorporate the non-Newtonian nature of the lubricant. The coupled system of
governing equations are discretized using the finite difference method and solved simultaneously.
The results show that the pressure, film thickness and temperature for dilatant fluids increased
with increase in the flow index as compared to pseudo plastic fluids. The influence of thermal
effects on pressure and film thickness is more significant compared with that under isothermal
elastohydrodynamic lubrication especially on the case of dilatant fluids. The viscosity of the
lubricant increases with increase in pressure and reduces with increment in temperature. The
surface roughness in the bearing surface increases the film thickness of the lubricant. The fluid
pressure, film thickness and temperature increases with increase in the bearing speed. To truly
reflect the characteristics of EHL models, thermal effects should be considered.
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Nomenclatures

ρ Density(kg/m3)
ρ0 Density at reference pressure(kg/m3)
n Flow index
θ Temperature(K)
θ0 Reference temperature(K)
p Pressure(Pa)
ph Hertzian Pressure(Pa)
h Film thickness(m)
h00 central film thickness
E

′
Elastic modulus(Pa)

a Hertzian contact radius(m)
Um average speed(m/s)
R Radius of rolling element(m)
t Time(s)
sr Surface roughness(m)
x Distance along rolling direction(m)
dx Space step in x axis(m)
dt Time step(s)
X Dimensionless distance
W Load(N)
Cp Specific heat capacity(J/kg K)
k Thermal conductivity(W/m K )
η Viscosity of lubricant(Pa.s)
η0 Viscosity at ambient pressure(Pa.s)
η Dimensionless viscosity
i Grid nodes in x direction
Z Pressure-viscosity constant
S Temperature viscosity constant

1 Introduction

Modern machine elements need to be efficient in order to meet the demands in the manufacturing
process. Most of these machines use rolling bearings which have lubricants separating the surfaces
in motion. These machines depend on lubrication to keep the bearings turning. The high speeds in
rolling bearings cause energy dissipation due to shearing which causes increase in the temperature
of the fluid. This reduces the viscosity and pressure of the lubricant leading to wear and tear. The
isothermal theory is popularly used in elastohydrodynamic lubrication modelling. However, the
industrial requirements such as increase in speed and load generate thermal effects which can no
longer be neglected. Elastohydrodynamic lubrication is a type of lubrication that occurs in thin
films and high pressure in many mechanical components such as cams, gears, rolling bearings, and
many more. This type of lubrication results to deformation of the surfaces in contact. It normally
occurs when non-conforming contacts suffer from elastic strains, [1].

Additives are mainly chemical compounds that improve the lubrication properties. The introduction
of additives to improve the viscosity of lubricants is vital [2]. This changes the linear relationship
between the shear rate and shear stress making the lubricant to become non-Newtonian. The
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use of lubricants which are non-Newtonian has become a global phenomenon in modern industrial
operations. The research study [3] noted that the non-Newtonian model for sliding conditions
yielded better results when compared to experimental works in EHL.

The study [4] noted that under elastohydrodynamic lubrication most lubricants exhibit the non-
Newtonian nature. The famous Reynolds equation that describes the pressure distribution in the
lubricating film assumes that the lubricant is Newtonian. Thus, it cannot be used to model non-
Newtonian characteristics of the lubricant. The non-Newtonian nature of lubricants behaviour
has been developed using various rheological models. The models that have been analysed and
developed include the Eyring model, power law model, Maxwell model, Johnson-Tevaarwerk model
among others [5, 6]. Most researchers have recommended the power law model for traction studies
and lubrication. This model has consistently been used in most elastohydrodynamic research [7].
This is because the power law model accurately characterizes the dilatant and pseudo plastic fluids
which characterizes the shear thickening and shear thinning of lubricants respectively which are
both non-Newtonian, [8, 9]. The power law model is mostly preferred because of its mathematical
simplicity and it gives a realistic variation of temperature unlike the other models, [10].

The surface of the bearing during the manufacturing phase is not perfectly smooth. Under strong
magnification, ridges are observed which bring the aspect of surface roughness in the bearing. Under
high pressure and load, the film may thin and be compared to the surface roughness which may
result to friction. Therefore, understanding how the surface roughness affects the pressure and
temperature distribution which in turn affects the film thickness is important in EHL studies [11].
The study [12] noted that the surface roughness increase in the bearing surface resulted to increase
in the pressure, temperature and the film thickness of the lubricant.

Elastohydrodynamic lubrication experiments still remain expensive and time consuming to conduct.
Thus, mathematical numerical simulations come in handy. The finite difference method is preferred
as a numerical tool because of its simple approximation of the derivatives as demonstrate in the
research [13]. The study [14] also used the finite difference method to solve the two-dimensional
Reynolds-Eyring and obtained excellent results. The surface roughness, high speeds and high
temperature influences the rheology of the lubricant [15]. Thus, thermal effects which affect the
viscosity of the lubricant and the performance of the bearing can no longer be neglected. The
research [16] solved both the Reynolds and energy equation and demonstrated that thermal effects,
affect the viscosity and density of the lubricant.

This study aims to better predict the non-Newtonian behaviour of the film in bearings operating
under thermal conditions. In this paper, a one-dimensional modified Reynolds equation that
incorporates the non-Newtonian nature of the lubricant using the power law model is derived. This
helped in simplification of the computational complexity and improvement of the solution efficiency.
The thermodynamic aspect of the problem is considered by incorporating the energy equation and
the viscosity and density dependence on both the pressure and temperature. The influence of power
index values on pressure, film thickness and temperature of the fluid are analysed for isothermal
and thermal cases. The viscosity of lubricant, speed and surface roughness properties of the rolling
bearing are also analysed.

2 Geometry of the Model

The elastohydrodynamic problem can be reduced to a contact of a roller and a flat surface. Fig.
1, shows the contact geometry where the lubricant is taken to obey the power law. The elastic
deformations occur at the contact of the roller and the surface.
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Fig. 1. Geometry of the model

3 Governing Equations

3.1 Power law model

The non-Newtonian nature of the lubricant is modelled using the power law for the thermal
elastohydrodynamic lubrication. The tensors for stress and strain for the power law model are
related according to the research [17].

τ = η

∣∣∣∣∂u∂z
∣∣∣∣n−1

∂u

∂z
. (1)

The conditions for n < 1, correspond to pseudo plastic fluid, n = 1 correspond to Newtonian fluid
and n > 1 correspond to dilatant fluid [18].

3.2 Modified Reynolds equation

The film thickness in the model is thin hence the body forces and inertia forces can be neglected.
The momentum equation in the x-direction reduces to, [14]

∂p

∂x
=

∂τ

∂z
. (2)

Substituting Equation (1) into Equation (2) we obtain,

∂p

∂x
=

∂

∂z

(
η

∣∣∣∣∂u∂z
∣∣∣∣n−1

∂u

∂z

)
. (3)

Assuming that the pressure distribution is only along the x-direction, Equation (3) can be partially
integrated with respect to z alone with C1 a constant of integration to obtain the following result,

η | ∂u
∂z

|n−1 ∂u

∂z
=

∂p

∂x
z + C1. (4)
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Assuming that | ∂u
∂z

| is positive and making ∂u
∂z

the subject of the formula from Equation (4). Now
partially integrating u with respect to z with C2 as a constant of integration to obtain,

u = η− 1
n

(
n

n+ 1

)
1
∂p
∂x

(
∂p

∂x
z + C1

)n+1
n

+ C2. (5)

Applying the boundary condition at z = 0; u = U1 on the lower plate, Equation (5) becomes,

U1 = η− 1
n

(
n

n+ 1

)
1
∂p
∂x

(C1)
n+1
n + C2. (6)

Now, making the value of C2 the subject of the formulae from Equation (6) and substituting it in
Equation (5), we obtain,

u = U1 + η− 1
n

(
n

n+ 1

)
1
∂p
∂x

[(
∂p

∂x
z + C1

)n+1
n

− (C1)
n+1
n

]
. (7)

Now, partially integrating Equation (7) with respect to u yields

∂u

∂z
= η− 1

n [

(
∂p

∂x
z + C1

)n+1
n

. (8)

Applying the boundary condition at

z =
h

2
,

∂u

∂z
= 0,

We obtain

C1 = − ∂p

∂x

h

2
. (9)

Substituting Equation (9) into Equation (7), we obtain,

u = U1 + η− 1
n

(
n

n+ 1

)
1
∂p
∂x

[(
∂p

∂x
z − ∂p

∂x

h

2

)n+1
n

−
(
− ∂p

∂x

h

2

)n+1
n

]
. (10)

Rearrangement

u = U1 + η− 1
n

(
n

n+ 1

)(
∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

[(
h

2

)n+1
n

−
(
h

2
− z

)n+1
n

]
. (11)

Applying the boundary condition at z = h, u = U2 on upper plate on Equation (11) to obtain,

U2 = U1 + η− 1
n

(
n

n+ 1

)(
∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

. (12)

Rearranging Equation (12), to obtain

U2 − U1 = η− 1
n

(
n

n+ 1

)(
∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

. (13)

The one-dimensional continuity equation is given by,

∂ρ

∂t
+

∂(ρu)

∂x
= 0. (14)

60



Karimi and Gathungu; JAMCS, 36(9): 56-71, 2021; Article no.JAMCS.75242

Now, substituting the value of u from Equation (11) into Equation (14), yields

∂ρ

∂t
+

∂

∂x

[
U1 + η− 1

n

(
n

n+ 1

)(
∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

[(
h

2

)n+1
n

−
(
h

2
− z

)n+1
n

]]
= 0. (15)

Integrating partially with respect to z from z = 0 to z = h and using Equation 13, Equation (15)
becomes,

∂ρh

∂t
− ∂

∂x

[
ρη− 1

n

(
2n

2n+ 1

)(
− ∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

[(
h

2
− z

) 2n+1
n

−
(
h

2

) 2n+1
n

]]
+

∂

∂x

[
U1 + U2

2
ρh

]
= 0.

(16)
Taking the average velocity Um = U1 + U2 and considering unsteady flow of lubricant Equation
(16) becomes,

∂

∂x

[
ρη− 1

n

(
2n

2n+ 1

)(
− ∂p

∂x

) ∣∣∣∣ ∂p∂x
∣∣∣∣ 1−n

n

[(
h

2
− z

) 2n+1
n

−
(
h

2

) 2n+1
n

]]
=

Um

2

∂ (ρh)

∂x
+

∂ρh

∂t
. (17)

Equation (17) becomes the one dimenisonal modified Reynolds equation.

3.3 Energy equation

Due to friction of the rolling bearing, thermal effects are considered. The energy equation in one
dimensional after in cooperating the tensor for stress and strain from Equation (1) is given by [19],

ρCp

(
u
∂θ

∂x

)
= k

(
∂2θ

∂x2

)
+ η

∣∣∣∣∂u∂z
∣∣∣∣n−1 (

∂u

∂z

)2

. (18)

3.4 Film thickness equation

The film thickness equation considers both the surface roughness and deformations of the bodies in
contact. Thus, the film thickness according to [20] is given by,

h(x) = h00 +
x2

2R
+ sr(x)−

2

πE′

∫ out

in

ln
∣∣x− x′∣∣ p(x′)dx′. (19)

3.5 The load equation

The sum of pressures in the lubricant in the flow field are balanced by the external force. Thus, the
load balance equation according to the study [21] is given by,∫ out

in

p(x) dx = W. (20)

3.6 Viscosity dependence pressure and temperature

The lubricant’s viscosity is affected by both pressure and temperature. This relationship according
to the research [22] is given by,

η = η0 exp

[
[ln(η0) + 9.67]

(
−1 + (1 + 5.1 ∗ 10−9p)Z

)( θ − 138

θ0 − 138

)−S
]
. (21)
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3.7 Density dependence pressure and temperature

The compressibility of the lubricant is affected by both pressure and temperature. This relation
described by the research [22] is given by,

ρ = ρ0

[
1 +

0.6 ∗ 10−9p
1 + 1.7 ∗ 10−9p − 0.00065 (θ − θ0)

]
. (22)

3.8 Non dimensionalization

The equations are non-dimensionalized using the Hertzian dry contact variables below [23] .

ρ̄ =
ρ

ρ0
, η̄ =

η

η0
, X =

x

a
, Y =

y

a
, P =

p

ph
, H =

hR

a2
,

T =
tUm

2a
,H00 =

h00R

a2
, θ =

θ

θ0
, U =

uη0
RE′ .

The modified Reynolds Equation (17) in dimensionless form is given by

∂

∂X

[
β

(
∂P

∂X

) ∣∣∣∣ ∂P∂X
∣∣∣∣ 1−n

n

]
= λ

[
∂ρH

∂X
+

∂ρH

∂T

]
, (23)

with

β =
ρH

2n+1
n

η
1
n

λ = 2
2n+1

n

(
2n+ 1

2n

)(
UR

a2

)(
η0R

aph

) 1
n

.

Assuming the change of pressure is always positive Equation (23) becomes

∂

∂X

[
β

(
∂P

∂X

) 1
n

]
= λ

[
∂ρH

∂X
+

∂ρH

∂T

]
. (24)

The energy Equation (18) in dimensionless form is given by

ρρ0

[
θ0E

′R

aη0

(
U

∂θ

∂X

)]
= k

θ0
a2

∂2θ0
∂X2

+ ηη0

∣∣∣∣∂U∂Z
∣∣∣∣n−1(

∂U

∂Z

)2

. (25)

The film thickness Equation (19) after non-dimensionalization becomes

H(X) = H00 +
X2

2
+ SR(X)− 1

π

∫ out

in

ln
∣∣X −X ′∣∣P (X ′)dX ′. (26)

The load Equation (20) after non-dimensionalization becomes∫ out

in

P (X) dX =
π

2
. (27)

Equation (21) after non-dimensionalization becomes,

η = exp

[
[ln(η0) + 9.67]

(
−1 + (1 + 5.1 ∗ 10−9Pph)

Z
)(θθ0 − 138

θ0 − 138

)−S
]
. (28)

Equation (22) in dimensionless form is given by

ρ =

[
1 +

0.6 ∗ 10−9Pph
1 + 1.7 ∗ 10−9Pph

− 0.00065 θ0(θ − 1)

]
. (29)
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3.9 Boundary conditions

The TEHL equations are discretised on a rectangular domain Xin ≤ X ≤ Xout.Thus, the boundary
conditions are,

P (Xin) = 0 P (Xend) = 0
∂P

∂Xend
= 0,

θ(Xin) = θ(Xout) = θ0.

3.10 Numerical solution

The Modified Reynolds and energy equations are non-linear partial differential equations. These
equations are discretised using the explicit finite difference scheme at finite sized nodes. The domain
of the problem is divided into 51 nodes along the rolling bearing direction X. Equation (24) in
discrete form is given by

βi+ 1
2
(Pi+1 − Pi)

1
n − βi− 1

2
(Pi − Pi−1)

1
n

(dX)
n+1
n

,

with

βi+ 1
2
=

2
1

βi+1
+ 1

βi

βi− 1
2
=

2
1
βi

+ 1
βi−1

.

In solving Equation (24) numerically assuming a steady flow, an equation system is formed in form
of matrix for i = 1, 2, 3, ..., N + 1, given by



1
−βi− 1

2
βi+ 1

2

−βi− 1
2

βi+ 1
2

−βi− 1
2

βi+ 1
2

. . .
. . .

. . .
. . .

−βi− 1
2

βi+ 1
2

−βi− 1
2

βi+ 1
2

1





P0

(P1 − P0)
1
n

(P2 − P1)
1
n

(P3 − P2)
1
n

(P4 − P3)
1
n

...

(PN−1 − PN−2)
1
n

(PN − PN−1)
1
n

PN


=

λ

dx



0
H1ρ1 −H0ρ0
H2ρ2 −H1ρ1
H3ρ3 −H2ρ2
H4ρ4 −H3ρ3

...
HN−1ρN−1 −HN−2ρN−2

HNρN −HN−1ρN−1

0


.

(30)

The energy equation in discrete form is given by

θi =

[
ρρ0Cp

(
θ0E

′R

aη0

(
Ui

θi+1

dX

))
− kθ0

a2

(
θi+1 + θi−1

(dX)2

)
− ηiη0

∣∣∣∣∂U∂Z
∣∣∣∣n−1 (

∂U

∂Z

)n
]
÷[

ρiρ0

(
θ0E

′R

aη0

(
Ui

dX

))
− 2kθ0

a2(dX)2

]
,

(31)
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with

∂U

∂Z
= (ηiη0)

− 1
n

(
aH2ph
2R

) 1
n
(
∂P

∂Z

) ∣∣∣∣∂P∂Z
∣∣∣∣ 1−n

n

.

Film thickness equation in discrete form

H(X) = H00 +
Xi

2

2
+ SRi −

1

π

N∑
j=1

Ki,jP (Xj), (32)

where

Ki,j =

(
Xi −Xj +

dx

2

)(
ln

∣∣∣∣Xi −Xj +
dx

2

∣∣∣∣− 1

)
−
(
Xi −Xj −

dx

2

)(
ln

∣∣∣∣Xi −Xj −
dx

2

∣∣∣∣− 1

)
.

The load equation in discrete form

dX

N∑
i=1

(
Pi+1 − Pi

2

)
− π

2
= 0. (33)

Lubricant viscosity equation in discrete form

ηi = exp

[
[ln(η0) + 9.67]

(
−1 + (1 + 5.1 ∗ 10−9Piph)

Z
)(θiθ0 − 138

θ0 − 138

)−S
]
. (34)

Lubricant density equation in discrete form

ρi =

[
1 +

0.6 ∗ 10−9Piph
1 + 1.7 ∗ 10−9Piph

− 0.00065 θ0(θi − 1)

]
. (35)

4 Results and Discussion

In Table 1, the bearing and lubricant properties for the present study are listed. The discretised
equations together with the boundary conditions are coupled together and solved numerically using
the Gauss-Seidel iteration method with the help of MATLAB. Various pressure, film thickness and
temperature profiles for various flow parameters were obtained as follows.

Table 1. Computational data

Radius of rolling element(m) 0.014

Load(N) 2.8× 10−8

Hertzian radius (m) 0.012

Hertzian pressure(Pa) 6.8× 10−3

Average speed(m/s) 1.8

Density at reference pressure (kg/m3) 846

Reference temperature (K) 300

Viscosity at ambient pressure(kg/(ms)) 0.14

Elastic modulus(Pas) 0.02

Specific heat capacity (J/Kg K) 460

Thermal conductivity(W/m K) 0.9

Central film thickness (m) 1× 10−4

Surface roughness (m) 0.002

Temperature viscosity constant 0.2
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The lubrication behaviour of the bearing characteristics depends on the flow index. The values of
n are assumed to take the values of 1.1 for dilatant, 1.0 for Newtonian and 0.9 for pseudo plastic
lubricants. The film pressure increases with increase in the flow index n as illustrated by Fig. 2.
The fluid pressure is higher for dilatant fluids than that of Newtonian and pseudo plastic fluids.
The pressure is also noted to increase gradually to maximum at the contact and then decreases
gradually. The pressure peak at the exit of the bearing is due to cavitation property of the lubricant.

Fig. 3 illustrates the film pressure profiles for different values of flow index and for different cases
of isothermal and thermal EHL. The pressure variations between isothermal and thermal cases also
increase with increase in the flow index. It is also noted that thermal effects are more important
in dilatant fluids where the variations of the pressure profiles between the isothermal and thermal
cases are higher than the other two cases. The variation of differences in isothermal and thermal
cases in pseudo plastic fluids is very small.

Fig. 4 illustrates the film thickness profiles for different values of the flow index. The film thickness
forms a U-shaped region due the pressure gradient. The film thickness increases with increase in
the flow index. This is because a larger flow index means a larger effective viscosity and stronger
shear thickening ability of the fluid hence a stronger oil film carrying capacity.

Fig. 5 illustrates the film film thickness profiles for different values of flow index and for different
cases of isothermal and thermal EHL. The film thickness variations between isothermal and thermal
cases also increase with increase in the flow index. It is also noted that thermal effects are more
important in dilatant fluids where the variations of the film thickness profiles between the isothermal
and thermal cases are higher than Newtonian and pseudoplastic fluids. The variation of differences
in isothermal and thermal cases in pseudo plastic fluids is very small since they are not greatly
affected by changes in temperature because of their shear thinning nature.

Fig. 6 illustrate the temperature profiles for different flow index. The temperature increases
steadily and reaches maximum at the contact centre, then decreases gradually. It is observed
that the temperature profiles increase with increase in the flow index. However, the temperature
profile for dilatant fluid is higher than that of Newtonian and pseudo plastic fluids. The shear
thinning property of pseudo plastic fluids helps in heat transfer efficiency which results to minimal
temperature changes as compared to dilatant fluids. Thus, bearings that work under high temperatures
a pseudo plastic lubricant should be considered since it has minimum effects on thermal effects
changes.

The viscosity of the lubricant increases with pressure but reduces with increase in temperature as
illustrated by Figs. 7 and 8. The viscosity increases with increase in pressure due to compression of
the lubricant which reduces its volume. Thus, the molecules of the lubricant move less freely hence
the frictional forces increases which increase its viscosity. Increasing the temperature increases the
kinetic energy of the lubricant molecules which make them move freely. The attractive binding
cohesive forces of the molecules are therefore reduced which results to a reduction in the viscosity.

The surface roughness enhances the film thickness as demonstrated in Fig. 9. This is due to the
surface roughness affecting the viscosity of the lubricant. The viscosity of the lubricant is much
higher in rough surfaces due to the pressure increase.

Fig. 10 illustrate the effects of bearing speed on pressure for both isothermal and thermal cases.
The pressure spike aptitude under isothermal EHL is higher than that of thermal EHL. The pressure
spike amplitude of the thermal EHL are sensitive to the contact speed. This is s a result of reduction
in the film thickness in thermal EHL as compared to isothermal EHL.
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Fig. 2. Effects of flow index on fluid pressure

Fig. 3. Effects of flow index on fluid pressure for isothermal and thermal cases

Fig. 4. Effects of flow index on film thickness
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Fig. 5. Effects of flow index on film thickness for isothermal and thermal cases

Fig. 6. Effects of flow index on fluid temperature

Fig. 7. Effects fluid pressure on viscosity

67



Karimi and Gathungu; JAMCS, 36(9): 56-71, 2021; Article no.JAMCS.75242

Fig. 8. Effects of fluid temperature on viscosity

Fig. 9. Effects of surface roughness film thickness

Fig. 10. Effects of bearing speed on fluid pressure for isothermal and thermal cases
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Figs. 11 and 12 illustrate the effects of bearing speed on film thickness and fluid temperature. The
film thickness and temperature of the lubricant increases with increase in speed. The film thickness
increases due to increase in fluid pressure under high speeds. The temperature of the fluid increases
with increase in speed because of viscous shearing due to frictional force. Thus, it is important
to consider the influence of drop on contact speed on the film thickness when it comes to sudden
breaking conditions in order to avoid dry contact of the bearing surfaces due too thinning of the
lubricant.

The numerical findings on under this study were compared with others that were modelled using
the power law non-Newtonian model. The results are with reasonable agreement with research done
by Prasad [24], Huo et al. [25] and Nessil et al. [26].

Fig. 11. Effects of bearing speed on film thickness

Fig. 12. Effects of bearing speed on fluid temperature
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5 Conclusion

The research studied thermal elastohydrodynamic lubrication using the power law fluid model with
surface roughness. The pressure, film thickness and temperature of the fluid all increases with
increase in the flow index. Dilatent fluids are greatly affected by temperature changes as compared
to Newtonian and pseudo plastic fluids. The pressure distribution for both pressure and film
thickness are higher for isothermal than thermal case. The viscosity of the lubricant increases with
pressure but reduces with increase in temperature. This is because the viscosity of the lubricant
is smaller for thermal case than for the isothermal case. The film thickness increases with increase
in surface roughness. The fluid pressure, film thickness and temperature increases with increase in
bearing speed. The research has demonstrated the importance of thermal effects on EHL. Thus,
thermal effects should be considered to truly reflect the behaviour and characteristics of EHL models.
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