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Abstract

In this paper, we investigate the generalized fifth order Pell sequences and we deal with, in detail,

three special cases which we call them as fifth order Pell, fifth order Pell-Lucas and modified
fifth order Pell sequences.
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1 Introduction and Preliminaries

In this paper, we introduce the generalized fifth order Pell sequences and we investigate, in detail,
three special cases which we call them fifth order Pell, fifth order Pell-Lucas and modified fifth order
Pell sequences. First we recall the definition of a generalized Pentanacci sequence.

A generalized Pentanacci sequence {Wy}n>o0 = {Wn(Wo, W1, Wa, W3, Wa;71,72,73,74,75) }n>0 18
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defined by the fifth-order recurrence relations

Wi =riWh_14+reWy_o+r3Wy_3+raWy_s4+rs Wiy _5, Wo=a, W1 =bWas=c, W3 =d,Wy=e

(1.1)
where the initial values Wy, Wi, Wa, W3, Wy are arbitrary complex (or real) numbers and
r1,T2,T3,T4, 75 are real numbers. Pentanacci sequence has been studied by many authors and more
detail can be found in the extensive literature dedicated to these sequences, see for example [1], [2],
[3]. The sequence {W, },>0 can be extended to negative subscripts by defining

T4 T3 T2 T1 1
—-n = —— W_(n-1) = T~ W_(n-2) " —W_-(n-3)— —W—-(n— VW —(n—
W e Vet = Wotna) = ZWensy = Wy + W)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

It is well-known that the Pell sequence (A000129 in [4]) {P,} is defined recursively by the equation,
forn>0
Pnpio=2P,11+ P,

in which Py =0 and P; = 1. Then Pell sequence (second order Pell sequence) is
0,1,2,5,12,29,70,169,408,985,2378, 5741, 13860, 33461, ...

Pell sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [5,6,7,8,9,10,11,12,13]. For higher order
Pell sequences, see [14,15,16,17].

In this paper we consider the case r1 = 2, ro = r3 = r4 = r5 = 1 and in this case we write
Vi, = Wi A generalized fifth order Pell sequence {V;,}n>0 = {Va(Vo, Vi, V2, V3, Vi) }n>o is defined
by the fifth-order recurrence relations

Vn - 2Vn71 + Vn—2 + Vn73 + Vn74 + ans (12)
with the initial values Vo = co, Vi = c1, Va = ca, Vs = c3, V4 = c4 not all being zero.
The sequence {V;, }n>0 can be extended to negative subscripts by defining
Ve = =Votno)y = Voneo) = Vonesz) = 2V_(n_ay + V_(n—s)
for n =1,2,3,.... Therefore, recurrence (1.2) holds for all integer n.
As {V,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is
2 =2t - - —r—1=0. (1.3)

The approximate value of the roots «, 3,7, d and X of Equation (1.3) are given by

a = 2.6083299
B = 0.28269438 — 0.794 694213
v = 0.28269438 + 0.794 694217
§ = —0.58685934 — 0.44099162:
A = —0.58685934 + 0.44099162:
Note that we have the following identities:
a+B+y+5+A = 2
af+ar+ay+BA+ad+B8y+ Ay +B6+ A +v0 = -1,
afA + aBy +ady +aBd +aXd + BAy +ayd + BAS + Byd +Ayd = 1,
afAy + afAd + aByd + aryd + BAyd = —1
afyox = 1.
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The first few generalized fifth order Pell numbers with positive subscript and negative subscript are
given in the following Table 1.

Table 1. A few generalized fifth order Pell numbers

n Va V_n

0 Vo Vo

1 |4 ~Vo-Vi—-Va—-2xVz+V,
2 Vs —Vi+4+3Vz =V,

3 V3 V343V —Wp

4 Va Vo 4+3Vi =W

5 2Vi+Va+Vo+Vi4+ Wy —Vi+2V5 + Vo 4+ 4V,

6 5Vy +3Vs + 3Ve 4+ 3V1 + 2V 4Vy — 9Vs — 2Vo — 3V — 4V}
7 13Vy + 8V3 + 8V + TVi + 5V -4V, +12V3 = 5Vo +2V1 + W
8 34V, + 21V3 + 20V, + 18V; + 13V, Vi—6V3 +11Vo — 6V1 + Vo

9 89V + 54V5 + 52V5 + 47V + 34V, Vi—V3 —7Va4+10VL — TVp

10 232V4 + 141V5 + 136V% 4 123V; + 89V, —TVi+15V3 +6Vo + 17V,

Now we define three special case of the sequence {V,,}. Fifth-order Pell sequence {Pés)}nzo, fifth-

order Pell-Lucas sequence {QS)}”ZO and modified fifth-order Pell sequence {E‘T(f’)}nzo are defined,
respectively, by the fifth-order recurrence relations

P =2P®, + PO 4 PO L PO 4+ PP, PP =0,P =1,P =2,P{ =5 P" =13,

(1.4)

and

QP =2Q0), +Q0),+QP,+Q%) +QF, QP =40 =2, =6,QY =17,Q = 46,
(1.5)

and

ES) =2E0), + EQ) s + EQ), + EQ) + B, B =0, =1,BY =1,E =3,E (: 8)

1.6
The sequences {P\”}n>0, {Q% }ns0 and {ES},>0 can be extended to negative subscripts by
defining

(5) _ (5) (5) (5)
L e e R S 2P (n ot PC (n 5) (1.7)
and (5) (5) (5) (5) (5) (5)
5 5) 5) 5) 5 5
Q- = —Q 1) = Q2 = R (s = 2Q7(, 4y + Qs (1.8)
and (3) (5) ) (5) ( )
5 _ (5 G 5 (5
EY, = Ei( E Z(n—2) E,(n,g) 2E _4 + E® (n 5) (1.9)

for n =1,2,3, ... respectively. Therefore, recurrences (1.7), (1.8) and (1.9) hold for all integer n.

In the rest of the paper, for easy writing, we drop the superscripts and write P,,Q, and E, for
PP, QY and EY), respectively.

Note that P, is the sequence A141448 in [4] and @, and FE, sequences are’t in the database of
http://oeis.org [4], yet.

Next, we present the first few values of the fifth-order Pell, fifth-order Pell-Lucas and modified
fifth-order Pell numbers with positive and negative subscripts:
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Table 2. The first few values of the special fifth-order numbers with positive and negative

subscripts.
n 0 1 2 3 1 5 6 7 8 9 0 1 2 3
P, 0 1 p) 5 13 34 89 232 605 1578 4116 10736 28003 73041
P, 0 0 0 0 1 -1 0 0 -1 4 —4 1 1 -7
Qn 5 2 6 17 46 122 315 821 2142 5588 14576 38018 99163 258650
Q.n 5 -1 -1 -1 -5 14 -7 -1 3 —28 54 —34 1 38
E, 0 1 1 3 8 21 55 143 373 973 2538 6620 17267 45038
E., 0 0 0o -1 2 -1 0 1 -5 8 -5 0 8 —24

2 Generating Functions

(=]
Next, we give the ordinary generating function Y. V,z" of the sequence V.
n=0

Lemma 2.1. Suppose that fv, (x) = Y. Vaz™ is the ordinary generating function of the generalized
n=0

fifth-order Pell sequence {Vy,}n>0. Then, > Vp,z" is given by
n=0

i Vg Yot (Vi —2Vo)z + (Vo —2Vi — Vo)a? + (V3 — 2Va — Vi — Vo)a® + (V4 — 2V5 — Vo — Vi — Vp)a?t
AL
" (1 -2z — a2 — 23 — a4 — %)

(2.1)

n=0

Proof. Using the definition of generalized fifth-order Pell numbers and substracting 2z >~ Vo™,
2?3020 Vaz™ and 2 3000 Via™ and 2t 3000 Vo™ and 2° 3000 V™ from 300 ) V™ we obtain

(1—2z—2°—2° —z* — 2% fv, (z)

o0 o0 o0 o0 oo oo
2 3 4 5
E Vo —x E Vo —x E Vox" —x E Vox" — E Vo™
n=0 n=0 n=0 n=0

= E Vo™ — 2z
n=0 n=0
oo oo oo oo oo oo
+1 +2 +3 +4 +5
= E Vo,x™ — 2 E Vo — E Vo — g Vo — E Vo — E V,x"
n=0 n=0 n=0 n=0 n=0 n=0

= D Vaa"—2> Viaz" =) Veox" =) Vaga" = > Veaz" =) Viosa"
n=0 n=1 n=2 n=3 n=4 n=>5
= (Vo +Vaz + Vaz® + Vaz® + Viz?) — 2(Vox + Viz® 4 Vaz® + Vaz*) — (Vor? + Via® + Vea?)

—(Vor® + Viz") = Voz' + ) (Vo = Va1 = Voo = Vg = Vs = Vi 5)a”

n=>5
= Vo+ (Vi —2Vo)z + (Vo — 2Vi — Vo)a° + (Vs — 2V — Vi — Vo)a® + (Va — 2V5 — Vo — Vi — Vp)a™
Rearranging above equation, we get

_ Vo+ (Vi —2W)z + (Ve —2Vi = Vo)a? + (Vs —2Ve — Vi — Vo)z® + (Va — 2V — Vo — Vi — Vo)
Jva () = _ 22 _ 3 _ pd _ 5 ’
(1—-2x—22—23—2*—25)

The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of fifth-order Pell, Pell-Lucas and modified Pell numbers are

Puz" = T
Z e (1—2x — 22 — 23 — 24— 25)’

n=0

and

iQ L — 5 — 8z — 322 — 22% — z*
—~ T (- 21— 22 — 23 — x4 — 25)]
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and
o 2
T—z
E,z" = ,
nz:% (1—-2z— 22— 2% —z* —25)
respectively.

3 Obtaning Binet Formula from Generating Function

We next find Binet formula of generalized fifth order Pell numbers {V,,} by the use of generating
function for V,,.

Theorem 3.1. (Binet formula of generalized fifth order Pell numbers)

dya™ d2 8" dzy"

Vn = + + (3.1)
(v =B)a—Y(a=8)(a=A) B-a)B-—7)B-8)B-X) (v—a)y—=B)(v—¥8)H—2A)
. dqd™ n dsd8™ (3.2)
=)0 =B =@ =) (A—a)A=B)(A—=7)(A—9) ’
where
di = Vool + (Vi —2vp)a® + (Vo — 2Vi — Vp)a® + (V3 — 2V — Vi — Vpla + (V4 — 2V5 — Vo — V1 — Vo),
dy = VoB 4+ (Vi —2V)B3 4+ (Vo —2V1 — Vo)B2 + (Vs —2Va — Vi — Vo)B + (Vi — 2V — Vo — Vi — Vp),
ds = Voy'+ (Vi —2Vo)r® + (Vo —2Vi — Vo)r® + (V3 — 2V — Vi — Vo)y + (V4 — 2V3 — Vo — V1 — Vp),
dy = Vool + (Vi —2Vp)6® + (Vo —2V3 — Vp)o® + (Vs — 2Va — Vi — Vp)é + (V4 — 2V3 — Vo — Vi — Vo),
ds = VoAt 4 (Vi —2V)A% 4 (Vo — 2Vi — Vo)AZ 4 (V3 — 2Vh — Vi — Vo)A + (Vi — 2V3 — Vo — Vi — Vp).
Proof. Let
h(z) =1—-2z— 2 — 2 — 2" — 2°.
Then for some «, 3,v,§ and A we write
h(z) = (1 —az)(1 - Bx)(1 —~yz)(1 —dz)(1 — A\x)
ie.,
1—-2z—2>—2>—2*—2°=(1 - az)(1 — Bz)(1 — v2)(1 — 6z)(1 — Az 3.3
v
Hence é, %, %, % ve % are the roots of h(x). This gives «, 8,7, 0 and A as the roots of
1 2 1 1 1 1
h(i-)=1---—— —— — — — =0
(x) x x2 23 ozt ab
This implies 2° — 2z* — 2® — 2% — 2 — 1 = 0. Now, by (2.1) and (3.3), it follows that
i vogn = Yot (Vi —2Vo)z + (V2 — 2V1 — Vo)a? + (V3 — 2Va — Vi — Vo)a® + (Va — 2V3 — Vo — Vi — Vp)a?t
= (1 — az)(1 — Bx)(1 — va)(1 — 6z)(1 — Az) '
Then we write
Vo + (Vi —2Vo)z + (V2 — 2Vi — Vp)a® + (Vs — 2V — Vi — Vp)a® + (Va — 2V5 — Vo — Vi — Vp)a* (3.4)

(1 —ax)(1 —Bz)(1l —~vz)(1 —dz)(1 — Ax)
Ay Ag Ag Ay As
(1 — ax) + (1 — Bx) * (1 — ~vx) + (1 — 6x) * (1= xzx)’

So

Vo + (Vi —2Vo)e + (Vo — 2Vi — Vp)a® + (Va3 — 2Va — Vi — V)a® + (V4 — 2V3 — Vo — Vi — Vg)a*t
= A1(1—Bz)(1 —~vz)(1 —d8z)(1 — Az) + A2(1 — az)(l — yz)(1 — éz)(1 — Az)

+A5(1 — az)(1 — B2)(1 — 62)(1 — Az) + Ag(1 — az)(1 — B2)(1 — ~ax)(1 — Az)

+A5(1 — az)(l — Bz)(1 — yz)(1 — éx).
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If we consider x = é, we get

1 1 1
Vo+ (Vi —2Vo)— 4+ (V2 —2V1 = Vo) — + (V3 —2V2 — V1 — Vo) —
« «@ «@

1 B v 5 A
+(Va =2V — Vo —Vq — VO)aT = A(1- E)(l - ;)(1 - ;)(1 - E)‘

This gives
o (Vo + (Vi —2Vo) & + (Vo — 2Vi — Vo) by + (V3 —2V2 — Vi — Vo) 3 + (Va — 2V3 — Vo — Vi — Vo) Yp)
(a = B)(a =) (o = &) (a = N)
Voot + (V1 —2Vp)a® 4 (Vo — 2V — Vp)a? + (V3 —2Ve — Vi — Vp)a + (V4 — 2V3 — Vo — Vi — Vp)
(o = B) (e = y) (o = 8)(a — A)

A =

Similarly, we obtain

VoBt + (Vi —2V)B% + (Vo —2V1 — V)B2 + (V3 —2Va — Vi — V)B + (Va —2Vs — Vo — V1 — V)

Ao =
(B=a)(B=)(B—108)(B—N)

As = Vov* 4+ (Vi — 2V)v® + (Vo — 2Vi — Vp)y® + (Vs — 2V — Vi — Vo)v + (Va — 2V — Vo — Vi — Vo)
(v=a)(v=B)(v =)y =)

Ay = Voot + (Vi — 2V0)8% + (Vo —2V1 — V)62 + (V3 — 2V — Vi — V)6 + (Vi — 2Vs — Vo — V1 — Vp)
(6—a)(E=B)E—7)(—N)

Ay = Vot + (Vi — 2Vo)A® + (Vo —2V1 — Vo)A + (V3 —2Va — Vi — Vo)A + (V4 —2V3 — Vo — V3 *Vo)'

A =a)A=B)A =X =9)
Thus (3.4) can be written as

D> Vaa" = Ai(1—ax) "t + As(1— Br)H+ Ag(1— )Tt + Aa(1 - 0z) "+ As(1— Ax)

n=0
This gives
Z Vo = A Z az" + A, Z Bz + As Z N 4+ Ay Z "z + As Z A"
n=0 n=0 n=0 n=0 n=0 n=0

D (Ara™ + Axf™ + Agy" + Aub" + AsA")z"
n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A1a™ + A" + Asy™ + Asd™ + As A"
and then we get (3.1).

Next, using Theorem 3.1, we present the Binet formulas of fifth-order Pell, Pell-Lucas and modified
Pell sequences.

Corollary 3.2. Binet formulas of fifth-order Pell, Pell-Lucas and modified Pell sequences are

an+3 ﬂ"+3 ’y"+3
e P Y TS N g B e N Y By S NP Yy Yoy T v o)
snt3 An+3
+ + ,
E-—a)6—BE -G -2 (=)A= =—7A=10)
and
Qn=0a"+ " +74"+35" + A",
and
B, - (a = Dant? N (8 —1)p"*2 N (v — Dy +?
(a=B)la—@-8@a-X2  B-a)B-NB-6B-A)  (r—a)(y—BH -6 -
N (6 —1)6nt+2 N (A —1)Ant2 7
- —BE—1NE-N  (A—a)A =B —7A -0
respectively.
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Using the Binet formula of fifth-order Pell sequence, it can be shown that

. Papa
lim 2+
n— oo n

= a = 2.6083299.

Note that Binet formula of generalized fifth order Pell numbers can be represented as

v adia™ n Bd28" + ydsy" (3.5)
" 200 +203+302 +4a+5 284 +283+3324+48+5 29 +2v3 + 32 +4y+5
5dy6" AdsA™
+ +

204+ 2034362 4+46+5 22X 42234+ 3X2+4X+5

which can be derived from a result ((4.20) in page 25) of Hanusa [18]. When we compare (3.1) and
(3.5), we see the following identities:

(a—ﬂ)(a—v)l(a—é)(oc—/\) = TR T Fda T
(ﬁ—a)(ﬂ—wl(ﬁ—é)w—n B 2B4+263+ﬂ3ﬂ2+4ﬁ+5
(v—a)(v—ﬂ)l(w—&(v—/\) B 274+273+7372+4v+5
(6—a)(6—5)1(6—7)(6—/\) - 264+253+6362+45+5
A—a)(A— ﬁ)l(A —H(A=38)  2xtt2x® +A3A2 +4X+5

Using the above identities, we can give the Binet formulas of fifth-order Pell, Pell-Lucas and modified
Pell sequences in the following form: Binet formulas of fifth-order Pell, Pell-Lucas and modified Pell
sequences are

n+4 n+4 n+4
P, = i i B L gl
204 4+ 202 +3a2+4a+5 284 +283+3B2+46+5 294+ 2934392+ 4y +5
snte At
05T 209 130° 145 15 | oM 1 238 1 3A2 F AA £ 5
and
Qn=a"+ 8" +79" +0" + A",
and
B - (a = am*? n (8 —-1)p"*? n (y =1y *?
" 20 +2a8 +3a2+4a+5 284 +2B3+3B82+48+5 291 +293 + 392+ 4y +5
N (6 —1)6m+3 N (A —1)A"+3 ‘
204 +20% +302+40+5  2A*+2X3 +3X2 +4A +5
respectively.

We can also find Binet formulas by using matrix method which is given in [15]. Take k =4 =5 in
Corollary 3.1 in [15]. Let

4 n—1 2

@ @ [e% a 1 o @ [e% [e% 1 «@ @ @ [e% 1
gt B2 B B 1 protopd B2 g1 S B
A = I S S A U I\ SR i A2y 1 A= 4t 4T 42 4
R L. L R 5m 8 82 s 1 A Lot R B |
PN D S N | AT A% A% a1 PPNt D D W |
a4 a3 an—l a 1 a4 a.’i a2 anfl 1 a4 QS a2 a anfl
54 63 ﬁnfl 5 1 B4 BS ﬁz ﬁnfl 1 ﬂ4 B3 B2 ﬁ En—l
A3 — 74 ’YS ,Yn—l y 1 LAy = 74 ,\/3 ’Y2 'Yn71 1 J A5 = 'Y4 73 ,\/2 ~ ,y'nfl
st 83 sl s 1 st 83§52 sml o st 82 2 5 st
At a3 amTlox At a3 a2 g PSP S
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Then the Binet formula for fifth-order Pell numbers is
1 5

det(A) JX::I

1
P, = Po_j det(A;) = — (Ps det(A1) + Py det(A2) + Py det(Ag) + Py det(Aq) + Pr det(As))

= dctl(A) (34det(A1) + 13det(Az) 4+ 5det(Ag) + 2det(Ayq) + det(As))

Similarly, we obtain the Binet formula for fifth-order Pell-Lucas and modified fifth-order Pell
numbers as

1
Qn = K(Q5 det(A1) + Qa4 det(Ag) + Qs det(Ag) + Q2 det(A4) + Q1 det(A5))
- %(122 det(Ar) + 46 det(Az) + 17det(As) + 6 det(As) + 2 det(As))
= an—f—ﬁn—l—’yn—l—(sn—‘r)\n
and
B, = %(E5 det(Ay) + Ex det(As) + Es det(As) + Es det(Aq) + By det(As))
- %(21 det(Ar) + 8 det(As) + 3det(As) + det(Aq) + det(As))
respectively.

4 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F),}, namely,

Fo1 Fo1—F2 = (="
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as
well. This can be written in the form

Fn+1 Fn

F’n anl - (71) '

The following Theorem gives generalization of this result to the generalized Pentanacci sequence
{Wn}.

Theorem 4.1 (Simson Formula of Generalized Pentanacci Numbers). For all integers n we have

Wita Wigs Wiio Wi W Wy Ws Wo Wi Wo
Witz Wigo Wiga W Wh-1 W3 Wa W1 Wo W_1
Whte Wiap Whn Woo1 Whoo | =(r5)"| Wo W4 Wo W-_1 W_o|. (4.1)
Wi+t Wi Whno1 Whoo Wy_3 Wy, Wo W-o1 W_o W_3s
Wn Wn—l Wn—2 Wn—S Wn—4 WO W—l W—2 W—3 W—4

Proof. (4.1) is given in Soykan [19, Theorem 5].

A special case of the above theorem is the following Theorem which gives Simson formula of the
generalized fifth-order Pell sequence {V;,}.

Theorem 4.2 (Simson Formula of Generalized Fifth-Order Pell Numbers). For all integers n we
have

Vaiva Vags Vage Vg Wi Vi V3 Va % Vo
Vits Vago Viga Vi  Vaot Vs Vs Vi Vo Vo
Vn+2 Vn+1 Vi Vi1 Vauo | =] Vo Vi Vo Vi Voo |. (4.2)
Voarr Voo Vaor Vao Vios i Vo Vi Voo Vg
Vn Vn—l Vn—2 Vn—3 Vn—4 VO V—l V—2 V—S V—4
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The previous Theorem gives the following results as particular examples.

Corollary 4.3. Simson formula of fifth-order Pell, Pell-Lucas and modified Pell numbers are given

as

and

and

respectively.

Prya Pags
Pn+3 Pn+2
Pryo2 Pat1
Pn+1 Pn
Pn Pn—l
Qn+4 Qn+3
Qn+3 Qn+2
Qn+2 Qn+1
Qn+1 Qn
Qn anl
Enis FEpgs
Enis FEnio
FEnio FEnta
En+1 En
E, En_1

5 Some Identities

P2
Pn+1
PTL
P’nfl
Pn—2

Qn+2
Qn+1
Qn
anl
Qn72

Pyt
P
Pnfl
Pn72
Pn—S

Qn+1
Qn
Qn-1
Qn72
Qn73

En+1
En
E’nfl
En—Q
En73

= 31409,

(4.3)

(4.5)

In this section, we obtain some identities of fifth order Pell, fifth order Pell-Lucas and modified fifth

order Pell numbers. First, we can give a few basic relations between {P,} and {Qn}.

Lemma 5.1. The following equalities are true:

and

4487P,
4487P,
4487P,
4487P,
4487P,

@n
@n
Qn
Qn
@n

14P; 16 — 33Pny5 — 5Pnya — 8Pny3 — TPhy2
= —S5Pui5+9Piia+6Pi3+TPui2+ 14Ph

= —FPoya+ Poy3+2Pai2+9P,41 — 5P,
= - n+3+Pn+2+8Pn+1_6Pn—Pn_1
—In+2 + 7Pn+1 - 7Pn - 2Pn,1 — Pn,Q

121Qn+6 — 718Qn15 + 1056Qn+a + 37Qnis + 46Qn 2,
—476Qn15 + 1177Qnia + 158Qn13 + 167Qnio + 121Qn41,
225Qn 14 — 318Qn+3 — 309Qn12 — 355Qn 11 — 476Qn,
132Qn+3 — 84Qni2 — 130Qn11 — 251Qn + 225Qn_1,
180Qn+2 + 2Qn+1 — 119Q, + 357Qn—1 + 132Q—2.

(5.1)

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing

n=0aX Ppi6+bX Ppoys+cX Poja+dX Ppys+eX Ppyo
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and solving the system of equations

Qo = axXPs+bxPs+cxXxPi+dxPs+exPe
Q1 = axXPr+bxPs+cexPs+dxPyi+ex Ps
Q2 = axXPs+bxPr+cexPs+dxPs+ex Py
Qs = axPo+bxPs+cecxPr+dx Ps+ex Ps
Qs = axPo+bxPo+exPs+dxPr+ex Ps

we find that a = 14,b = —33,¢c = —5,d = —8,e = —7. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.
Secondly, we present a few basic relations between {P, } and {E,}.

Lemma 5.2. The following equalities are true:

En = —I'n+6 + 4Pn+5 - 4Pn+4 + Pn+3
En = 2Pn+5 — 5Pn+4 - Pn+2 - Pn+1
En = _n+4+2pn+3+Pn+2+Pn+l+2Pn
En = Pn - Pnfl
and
5P, = —4En+6 + 9En+5 =+ 3En+4 + 2En+3 + En+2
5P, = En+5 - En+4 - 2En+3 - 3En+2 - 4En+1
5P, = FEnj1—FEn3—2E,12—3E, 11+ E,
5Pn = En+3 - En+2 - 2En+1 + 2En + En71~

Thirdly, we give a few basic relations between {Q,} and {E,}.

Lemma 5.3. The following equalities are true:

5Qn = 31En46 —56FEn45 —42FE, 14 —43E,43 — 39E,42

5Qn = 6FEni5 —11E,44 —12F, 13 —8Fp 12+ 31E,41

5Qn = FEpya—6FEn13—2FE,10+3TE41 +6E,

5Qn = —4En43— Ent2+ 38,41+ TEy + Epo1

5Qn = —9FEn42+34E,41+ 3K, —3E,-1 —4E, >

and

4487E, = T5Qn+6 — 7T47Qn+5 + 1820Qn+4 — 973Qn+3 + 55Qn+2
4487E, = —597Qn+s5 + 1895Qn+4 — 898Qn+3 + 130Qn+2 + 75Qn+1
4487E, = T701Qn44 — 1495Qpn+3 — 467Qn42 — 522Qn+1 — H97Qn
4487E, = —93Qn+3 +234Qn+2 + 179Qn+1 + 104Qy + 701Qn—1
4487E, = 48Qn+2 +86Qn+1 + 11Qn + 608Qn—1 — 93Qn—2.

We now present a few special identities for the modified fifth order Pell sequence {En}.
Theorem 5.4. (Catalan’s identity) For all natural numbers n and m, the following identity holds

En+mEn7'm - EEL = (Pn+m - n+m71)(Pn7m - nfmfl) - (Pn - Pn71)2

10
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Proof. We use the identity
E, =P, — P,_1.

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified fifth order
Pell sequence.

Corollary 5.5. (Cassini’s identity) For all natural numbers n and m, the following identity holds
En+1En71 - E?l == (Pn+1 - Pn)(Pnfl - Pn72) - (Pn - n71)2-

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using E,, = P, —

P, —1.The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified

fifth order Pell sequence {Ey}.

Theorem 5.6. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)
Eni1En — EnEnt1 = (Pmt1 — Po)(Pn — Paz1) — (P — Pr—1) (Pag1 — Pr).
(b) (Gelin-Cesaro’s identity)
Ent2Bni1En 1En 2—FEp = (Paya—Pay1)(Pay1—Pn)(Pa1—Pn_2)(Pa—2—Pn_3)—(Pan—Pn_1)"
(c) (Melham’s identity)
Eni1Bny2Bnis — By = (Pus1 — Pu)(Pat2 — Pat1)(Pass — Puys) — (Pags — Pag2)’

Proof. Use the identity F, = P, — Pn_1.

6 Linear Sums
The following Theorem presents summing formulas of generalized fifth order Pell numbers.

Theorem 6.1. For n > 0 we have the following formulas:

(a) (Sum of the generalized fifth order Pell numbers)
" 1
Z Vi = g(Vn+5 — Vita — 2Vhys — 3Vigo — 4Viy1 — Via + Vi + 2Vo 4 3V1 +4V))
k=0
(b)
= 1
D Vak = 12 (= Vansz + 6Vanss + TVan +3Van 1 +4Van 2 + Vi — 6V5 + 8V — 3V3 + 11Vh)
k=0
(c)
" 1
D Varsr = 72 (4Vonsa + 6Vanir +2Van +3Van 1 = Vanoo — AV + 9V5 — 2V5 + 12V3 + Vp).
k=0

Proof.

11
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(a) Using the recurrence relation

Vo=2Vh 1+ Vuo+ Vi s+ Vua+V,_s

ie.
Vn75 =Vo—=2Vh1 —Vh2 — Vn73 — Va4
we obtain
Voo = Ve—2Vui—-Va—-Vo—-V;
i = V-2V —-Vyi—-V3-V,
Voo = Vi=2Vs—-Vs—Va—V3
Vn—5 = Vn - 2Vn—1 - Vn—2 - Vn—3 - Vn—4
Vn74 = VVLJrl - 2Vn - ‘/nfl - ‘/n72 - Vn73
Vn73 = Vn+2 - 2Vn+1 - Vn - anl - Vn72
Vn72 = Vn+3 - 2Vn+2 - Vn+1 - Vn - anl
anl = Vn+4 - 2Vn+3 - Vn+2 - Vn+1 - Vn
Vn - Vn+5 - 2Vn+4 - Vn+3 - Vn+2 - Vn+1~

If we add the above equations by side by, we get
ka = Vars+Vaga+Vags+Vogo+ Vo —Va = Vs = Vo = V) —Vo-l-ZVk)
k=0 k=0
“2(Vaga + Vars + Varz + Va1 = Vs = Va = Vi = Vo + > _ Vi)
k=0
—(Vags+ Vago + Vg1 = Vo — Vi — Vo + Z Vi)
k=0
~(Vatz 4+ Vap1 = Vi = Vo + > Vi)
k=0
—(Vag1 — Vo + Z Vi)
k=0
Then, solving the above equality we obtain
S 1
Z Vi = 5(Vn+5 — Vata —2Vii3 = 3Viyo —4Vip1 — Vi + Va + 2V2 + 3V1 + 4V0).
k=0
(b) and (c) Using the recurrence relation

V=2V 1+ Ve o+ Ve 3+ Va4 Vis

ie.

2Vn—1 = Vn - Vn—2 - Vn—S - Vn—4 - Vn—5

12
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we obtain

2V = Vu—-Vo-V1—-Vo—-V_

2Vs = Ve—-Vu—-V3—-Vo—-V;

2Vr = VeV —Vs=Vyi—V3
2‘/271,71 = ‘/271 - Vv2n72 - Vv2n73 - Vv2n74 - Vv2n75
2‘/2n+1 = ‘/2n+2 - V2n - ‘/21'1,71 - ‘/21'1,72 - ‘/21'1,73
2Vants = Vanga — Vanta — Vang1 — Vo — Vana
2V2n+5 = ‘/2n+6 - V2n+4 - V2n+3 - ‘/2n+2 - V2n+1-

Now, if we add the above equations by side by, we get

n n n n
2(=Vi+ D> Vorg1) = (Vangz —Va—Vo+ D Var) = (=Vo + D> Var) = (=Vang1 + D Vory1)
k=0 k=0 k=0 k=0
n n
—(—Van + > Var) = (=Vant1 — Van—1 + Vo + 3 Vapg)-
k=0 k=0

Similarly, using the recurrence relation
Vn = 2Vn71 + Vn72 + Vn73 + Vn74 + Vn75

ie.
V1=V Voo =Vh 3=V u—Vyus

we write the following obvious equations;

2Ve = V3—-Vi—-Vo—-V_1 -V
2V, = Vs—Vza—Vo—-V1i—Vp
2V6 = V7—V5—V21_V3_V2
2Van—2 = Vap—1—Von—3—Von_a—Van_5—Van_s
2Van = Vopg1 —Vono1 —Van—2 — Van—3 — Van_4
2Vanta = Vangs — Vany1 — Von — Van—1 — Va2
2Vonta = Vongs — Vongs — Vapgo — Vopg1 — Van

Now, if we add the above equations by side by, we obtain

n n n n
2(=Vo + Var) = (=Vi+ > Vapg1) = (—Vang1 + D Varg1) — (—Van + D Var)
k=0 k=0 k=0 k=0
n n
—(—~Vant1 = Van—1+ Vo1 + D Vagg1) = (=Van — Van—2 + Voo + > Vag).
k=0 k=0

Then, solving the following system

n n n n
2(=Vi+ > Vopg1) = (Va2 —Ve—Vo+ D Var) = (=Vo+ D> Var) = (=Vans1 + O Vars1)
k=0 k=0 k=0 k=0

n n
—(=Van + > Var) = (—Vant1 — Van_1+ Vo1 + 3 Vary1)

k=0 k=0
n n n n
20=Vo+ > Vor) = (Vi+ D> Vopg1) — (—Vong1 + D Vorg1) — (=Van + D Vor)
k=0 k=0 k=0 k=0
n n
—(~Vap41 = Van—1+ Voi 4+ D Vopy1) = (—Van — Van—a + Voo + D Vay)
k=0 k=0

13
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where

Voo = (—-Wo—WVi—Ve—2xVs+4+Vy)
Voo = (=Va+3V3—1Vs)

the required result of (b) and (c) follow.

As special cases of above Theorem, we have the following three Corollaries. First one presents some
summing formulas of fifth order Pell numbers.

Corollary 6.2. For n > 0 we have the following formulas:
(a) (Sum of the fifth order Pell numbers)

- 1
> Pe=z(Poys = Pua = 2Pays = 3Pnyz — 4Poy1 — 1),
k=0

(b) Yo Per = %(—P2n+2 + 6Poni1 + TPon + 3Pon—1 + 4P2p_2 — 4).
() Sh_oPoks1 = 1= (4Pons2 + 6Pong1 + 2Py + 3Pon—1 — Pan—a + 1).
Second one presents some summing formulas of fifth order Pell-Lucas numbers.

Corollary 6.3. For n > 0 we have the following formulas:
(a) (Sum of the fifth order Pell-Lucas numbers)

Z Qr = %(Qn+5 — Qnta —2Qn13 — 3Qni2 —4Qni1 +9).
k=0

(b) > ho Q2 = Tls(_Q2n+2 +6Q2n+1 + 7TQ2n + 3Q2n—1 + 4Q2n—2 + 41).
(c) >Dh_oQart1 = ﬁ(4Q2n+2 + 6Q2n+1 + 2Q2n + 3Q2n—1 — Qa2n—2 — 14).

Third one presents some summing formulas of modified fifth order Pell numbers.

Corollary 6.4. For n > 0 we have the following formulas:
(a) (Sum of the modified fifth order Pell numbers)

LS
k=0

(b) Yo Fa = %(_E2n+2 + 6E2n+1 + TE2n + 3E2n—1 + 4E2p—2 — 5).
() Yp_oBary1 = 3= (4E2my2 + 6FE2n 1 + 2E2, 4+ 3E2, 1 — Ean—2 +5).

(En+5 - En+4 - 2En+3 - 3En+2 - 4En+1)-

[

7 Matrices Related with Generalized Fifth-Order Pell
numbers

Matrix formulation of W,, can be given as

Wn+4 T1 T2 T3 T4 T5 " W4
Whts 1 0 0 0 O W3
Wito = o 1 0 0 O Wa (7.1)
Wit 0 0 1 0 0 Wi
W 0O 0 o0 1 O Wo

14
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For matrix formulation (7.1), see [20]. In fact, Kalman give the formula in the following form

W, 0 1 0 0 0\"/ W
Wit 0 0 1 0 O Wi
Wito | = 0 0 0 1 0 W2
Wits 0 0 0 0 1 W
Wita T T2 T3 T4 Ts Wy
We define the square matrix A of order 5 as:
2 1 1 1 1
1 0 0 0 O
A=]1 0 1 0 0 O
0 01 00
0 0 0 1 0
such that det M = 1. From (1.2) we have
Viia 21 1 1 1 Vits
VA 10 0 00 Vito
Vagz |=1 0 1 0 0 O Vo1 |- (7.2)
Vit 001 0O Va
Vo 00 0 1 0 Vi1
and from (7.1) (or using (7.2) and induction) we have
Viga 211 1 1\"/ W
Vints 1 0 0 0O Vs
Vase =1 0 1 0 0 0 Va
Vio+1 0 01 0 0 Vi
Vi 0 00 10 Vo
If we take V = P in (7.2) we have
Pois 2 1 1 1 1 Pois
Poss 1000 0 Poio
Piya |=]1 0 1 0 0 O Pri (7.3)
P 0 0 1 0 O P,
P, 00 0 1 0 P,

We also define

Poy1i Po+Po i+ Po o+ Pors P+ P14+ P2 P+ Pn1 P,
P, Po1+Pio+P3+Piy Poa+Pro+Pi3z Poa+Puo P,
Pn—l Pn—2+Pn—3+Pn—4+Pn—5 Pn—2+Pn—3+Pn—4 Pn—2+Pn—3 P—2

P,o2 Po3+Pys+P,5+Pi6 Pio3s+Pya+Pus Pus+Pua P
P.3 Poa+Prs+Pre+Pov Pia+Pis+Pis Poa+Pus Pay

and

Vavir Va4 Vaci+Vao+Vis Vo + Va1 + Vi Vi 4+ Vo Vo
Vi Vaaa+Va o+ Vas3+Vay Vaa+Vao+Ves Vaa+Vao Vi
Cn = ‘/n—l Vn—2 + Vn—S + Vn—4 + Vn—5 Vn—2 + Vn—S + Vn—4 Vn—2 + Vn—S Vn—2
Ve Vaes+Vaoa+Vas+Vae Vas+Vaa+Vas Vas+Vaa Vioos
Vics Vaea+Va s+ Ve +Var Vaa+Vas+Vie Via+Vas Vios

Theorem 7.1. For all integer m,n > 0, we have

15
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(a) B, =A"

(b) C1A™ = A"Ch

(¢) Crym = CnBm = BnCh.
Proof.

a y expanding the vectors on the both sides of (7.3) to 5-colums and multiplying the obtaine
B di h he both sides of (7.3 5-col d multiplyi he obtained
on the right-hand side by A, we get

B, = AB,_1.
By induction argument, from the last equation, we obtain
B, = A""'B.

But B; = A. It follows that B, = A".
(b) Using (a) and definition of Ci, (b) follows.

(c) We have
ACn—l = Cn
i.e. Cp = AC,_1. From the last equation, using induction we obtain C,, = A"~ 'C;. Now we
obtain

Crpm = A" 10 = A"TTA™CL = AVTNCLA™ = Cu B
and similarly
Crim = BnCh,.
Some properties of A™ matrix can be given as
A" =24 AT AnTR AT AT
and
AT = ATAT = AT AT

for all integer m and n.
Theorem 7.2. For m,n > 0 we have
VaPrs1 + Vao1(Pm + Poe1 + P2 + Pru_s) (7.4)
+Vi—2(Pm + Prm—1 4 Pm—2) + Vae3(Pm + Pm—1) + Viuma P,
= VaPos14+ P (Vic1+ Voo + Vs + Vied) + P33V

+Pr1 (Vac1+ Voo + Vas) + P2 (Vo1 + Vi—2)

Proof. From the equation Cy 4., = Cp B, = B Cp, we see that an element of C), 4, is the product
of row C,, and a column B,,. From the last equation we say that an element of C,, 4., is the product
of a row C,, and column B,,.We just compare the linear combination of the 2nd row and 1st column
entries of the matrices Cy 4+ and Cy, B,,. This completes the proof.

Vn+m

Remark 7.1. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all
integers m,n (7.4) is true.

Corollary 7.3. For all integers m,n, we have

Potm = PoPmt1+ Poc1i(Pm+ P14+ P2+ P—3) + Po—2(Pm + Pm—1 + Pm—2)
+Pn_3(Pm + Pmn-1) + Pn—aPnm,

Qnim = QnPmi1+Qn-1(Pmn+ Pn-1+4+ Pn—2+ Pn_3)+ Qn_2(Pn + Pn-1+ Pn_2)
+Qn-3(Pm + Pm-1) + Qn-aPnm,

Enim = EpPmi1+En1(Pm+ Pn—1+ Pm—2+ Pn—3) + En—2(Pm + Pm—1+ Pm—2)

+En73(P'm + mel) + En74Pm~
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8

Conclusion

In the literature, there have been so many studies of the sequences of numbers and the sequences of
numbers were widely used in many research areas, such as physics, engineering, architecture, nature
and art. We introduce the generalized fifth order Pell sequences and we present Binet’s formulas,
generating functions, Simson formulas, the summation formulas, some identities and matrices for
these sequences.
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