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Abstract

This paper solves the problem faced by a pension fund manager in determining the optimal selection
strategies involving four different assets comprising of one risk free asset and three risky assets whose
prices are modelled by geometric Brownian motion. Also, a clause mandating the fund managers to return
the accumulations with predetermined interest to members who lost their life during the accumulation
period is considered. A stochastic optimal control model is formulated comprising of member’s monthly
contributions, invested funds and the returned contributions. Also, an optimization problem from the
extended Hamilton Jacobi Bellman (HJB) equation is established using the game theoretic approach. The
explicit solutions of the optimal selection strategies and the efficient frontier are obtained by solving the
extended HJB equation using the mean variance utility and separation of variable technique. Furthermore,
a sensitivity analysis of the effect of some parameters on the optimal selection strategies is carried out
numerically.

Keywords: DC pension fund; extended HJB equation; optimal investment strategies, game theoretic
approach; return clause; Geometric Brownian motion.
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1 Introduction

In our present days, the concept of investment is a very crucial component in managing funds for any
financial institution such as banks, pension fund system, insurance company, etc... The study of the optimal
selection strategies for pension schemes has drawn attention in the field of optimization theory. In pension,
numerous researchers such as Cairns, Blake and Dowd [1], and Giacinto, Gozzi and Federico [2] have tried
solving optimization problems for the optimal investment strategies for a pension member with diverse
portfolios. There are two major types of pension system; these include the ‘‘Defined Benefit’’ (DB) pension
plan and the ‘‘Defined Contribution’’ (DC) pension plan. In the first plan, member’s benefits are fixed in
advance by their employers while the contributions at the initial stage are set and afterwards adjusted to
stabilize the fund. Different from the DB plan, a DC plan mandate members of the scheme to remit a fix
proportion of their income into their ‘‘Retirement Savings Account’ (RSA). In this plan, members are
engaged in investment process and their retirement benefits depend upon the returns of the investments made
during the accumulation phase and the expected return can be determined by some factors which include
mortality risk, inflation, investment efficiency, government policy etc. Although the DC plan is very
transparent, attractive and reliable compared to the DB plan, there is need for members to get acquainted
with the financial market on how investments in different assets are carried out. This has led to the study of
optimal investment strategies by several authors.

Deelstra, Grasselli and Koehl [3], presented a martingale method to study the related DC plan. Giacinto,
Gozzi and Federico [2] and Cairns, Blake and Dowd [1], studied the optimal control strategies during the
accumulation phase of the DC plan with diverse utility functions using stochastic optimal control method.
Han and Hung [4], investigated the DC pension fund management problem with the inflation risk. Sun, Li
and Zeng [5], discussed the optimization problem for the DC plan under a jump-diffusion model. Gao [6],
applied the Legendre transform and dual theory to study the DC plan for a pension member’s whole life
under the CEV model. Guan and Liang [7], considered the optimal management of the DC plan in a
stochastic interest rate and Heston SV model framework. Akpanibah and Samaila [8], studied stochastic
strategies of optimal investment for DC pension fund with multiple contributors where they considered the
rate of contribution to be stochastic. According to Sheng and Rong [9], the Mean-variance condition was
first developed by Markowitz to investigate portfolio selection problem but the optimal investment policies
under mean-variance criterion are not time consistent, because the mean-variance condition does not have
the iterated expectation property hence the Bellman’s principle of optimality does not hold. It was shown
that time consistency of strategies is a major requirement for realistic decision makers. Bjork and Murgoci
[10], studied the general theory of Markovian time inconsistent stochastic control problems. Bjork, Murgoci
and Xunyu [11], studied the portfolio optimization with state-dependent risk aversion in the mean-variance
framework.

Recently, He and Liang [12], studied optimal investment strategy for a defined contribution pension scheme
with the return of premiums clause under mean-variance utility function; they considered investment in one
risk free asset and a risky asset. Li, Rong, Zhao and Yi [13], studied equilibrium investment strategy for DC
pension plan with default risk and return of premiums clauses under (CEV) model; they took into
consideration investment in one risk free asset ant two risky assets. The optimal time-consistent investment
strategy for a DC pension with the return of premiums clauses and annuity contracts was studied by Sheng
and Rong [9]. They invested in a risk free asset and a risky asset (stock) and assumed the stock market price
to follow Heston volatility model. Osu, Akpanibah and Olunkwa [14], studied optimization problem with
return of premium in a DC pension with multiple contributors; they considered a case where the fund
manager deals with more than one contributor per time and also investment in two asset where the price of
the risky asset followed CEV model. DC pension plan with the return of premium clauses under inflation
risk and volatility risk was studied by Wang, Fan and Chang [15]; in their work, they assume investment in a
risk free asset, the inflation index bond and the stock whose price is modelled by Heston volatility. Also,
Akpanibah, Osu and Thedioha [16], studied portfolio selection for a DC pension fund with return clauses of
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premium with predetermined interest rate under mean-variance utility; they considered investment in a risk
free and a risky asset and assume the return contributions are predetermined. The optimal asset allocation
strategy for a defined contribution pension system with refund clause of premium with predetermined
interest under Heston’s volatility model was studied by Akpanibah and Osu [17].

Throughout the literatures and to the best of our knowledge no work has been recorded on the optimal
selection strategies with return clause that considers investment in four assets comprising of one risk free
asset and three risky assets such that the return contributions are with predetermined interest. This forms the
basis of this paper.

2 Wealth Formulations

Let us consider a market that is less fractioned, complete and is open continuously for a fixed interval t €
[0,T], where T is defined as the time frame of the accumulation phase. Let ((,G,p) be a complete
probability space where () is a real space and p a probability measure, G is the filtration and represent the
information generated by the Brownian motions {B;(t), B,(t), B3(t), B,(t), Bs(t), B¢(t)} such that the
Brownian motions are orthogonal.

Let the following functions Sy (t), S; (t), S, (t) and S5(t) represent the price of the risk-free asset and the
three risky assets, and their models are given as follows:

dSo®) _
S0 rdt, (2.1)

ds;(t)

= (r + 6)dt + z,dB; (t). (2.2)
$1(®)

ds,(t)

o = (7 82)dt + mydBy(t) + m,ydBs(t) 23)
2

dsz(t)
S3(t)

= (# + 83)dt + 1, dB,(t) + 17, dBs () + 11,dBs (1) (2.4)

See Muller [18]

7,84, 83, 83,31, My, My, N1, N3, N3 are constant and 7~ is the risk-free interest rate, (~ + 8,), (+ + §,) and
(7 + 83) are the expected instantaneous rate of return of the three risky assets and z,, 74, Mm,, N4, M2,
13 are the instantaneous volatility of the risky assets. let ¢ be the contribution paid to the members’ (RSA) at
a given time, ¢, the initial age of accumulation phase and v, + T is the end age, nYWH is the mortality
rate from time t to t + n, tc is the premium accumulated at time t, tcanOH is the returned premium to the
death member’s family.

Let #,, #,, and £ represent the proportion of the members pension wealth invested in the three risky assets
such that A, = 1 — A, — A, — A is proportion invested in the risk free asset.

Since the surviving members will want to maximize the fund size and at the same time minimize the

volatility of the accumulated wealth. There is need for the pension fund managers to formulate an optimal
investment problem under the mean-variance criterion as follows:

supa{Ee , WH(T) - Var, , W*(T)} (2.5)

Considering the time interval [t,t + n], the differential form associated with the fund size when the
remaining wealth is equally shared among the remaining members is given as:
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W(t) (ILO So(t+n)_|_/ﬁ1 Sl(t+n)+h 52(t+n)+h S3(t+n))

So(®) 51(8) 2 50 3 50 1
W(t+n) = - ' 50(i+n) ~~ ’ 1-n¥ (2.6)
+en —tenYy pr — AW () Yy 4t vott
So(t) o
So(t+n)=5S,(t) o
L+ (1 =y =y — ) (BEEERE) (1 =¥y )
S (t+n)—S1(t) S, (t+n)—S,(t)
W( ) W +4, ( X0 ) + 4, ( S,(t) ) 1 ¥ ygee (2 7)
t+n) = S3(t+n)—S5(b) ( +— ) .
+/‘L3 (7S3(t) ) 1-nV, 4

-1-A,—h, - h3)W(f)ano+t
+en—tenYy 1

t
The conditional death probability ,q, = 1 — py = 1 — e~ JoF@ott+s)ds

of the mortality at time ¢, and for n — 0,

, where (t) is the force function

n
nYy 4e = 1—exp {—f (v +t +s)ds} = n(vy+ t)n+ 0On
0

nYyo+e _ 1-exp{- fonn(vo+t+s)ds} _ n a4 _
tegr o ntoortiods) exp {fo w(vy +t+s)ds}—1=n(v,+t)n=0n
nYyort o _ So(t+1)=So(t)  dSo(t)
n-0, Totegr vy +t)dt , Yy 4 = (o +t)dt con-cdt, ) 00
S1(t+n)=51(t)  dS1(t) S2(t+n)-S,(t) ds,(t) S3(t+n)-S3(t) ass(t) (2.8)
S1(t) ON S2(8) S’ S3(8) S3(8) ’
Substituting (2.8) into (2.7) we have
14+ (1= Ay — Ay — A3)(1 — (v + t)dt) 222
W(t) So(t)
+4 dsy(t) + A as,(t) + dss(t)
W(t+n) = 1 s, 2 5,0 3 550 1+ (v, + t)dt) 2.9
+bdt — thn (v, + t)dt
—(1 =4y — A, — 2))W()n (v + t)dt
F A (S) +——) + Ay (5, + —
wo v 1(6; v_vo_t) 12( 2 ”_vo_t)
+45(65 + v_vo_t) dt
dw(t) = +e (""_""O_Zt) W(0) = w, (2.10)
v—vo—t
W (ﬁlzldBl(t) + Ay (mydB,(t) + m,dB; (t)))
+h3(ﬁ1d34(t) +M2dBs(t) + ﬁ3d36(t))

Where 7(t) is the force function and 9 is the maximal age of the life table and are related as follows

nt)=-—— 0<t<w (2.11)

3 M-V Utility and Extended HJB equation

In this section, we observed that the mean-variance (MV) control problem in (2.5) is equivalent to the
following Markovian time inconsistent stochastic optimal control problem with value function A(t, w). So
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we employ the game theoretic method cited in Bjork and Murgoci [10], to establish the extended Hamilton
Jacobi Bellman equation which is a system of non linear PDE.

B(t,w, h) = E¢ . [WH(D)] = LVar, ,[W"(T)]
B(t,w, #) = Ep o [WH(T)] =L (Eto [WH(T)?] = (Broo [WH(T])?) 3.1)
A(t,w) = supy B(t,w,A)

Following Bjork and Murgoci’s [ 10] procedure, the optimal investment strategy 4" satisfies:
A(t,w) = sup,, B(t,w, #) (3.2)
y is a constant representing risk aversion coefficient of the members.

Let u”(t,w) = E, ., [WH(D)], v*(t, w) = E, ., [W"(T)?] then
Atw) = supy € (twr, uh(t,w), vt w) )
Where,
2t w,u,v) = u — g(u —u?) (3.3)

Theorem 3.1 (verification theorem). If there exist three real functions £, M/, N [0,T]X R — R satisfying
the following extended Hamilton Jacobi Bellman equation:

1

r + ’hl (51 + v—vo—t)
1 —n—
Lomto+ Ly =) |w| +hGot =) |+ ()
. 1 =0 (3.4)
D s (85 + 5=, —) :
+ 2 Lopr = Unar) (P37 + A3 (3 +m3) + RE(H3 + 103 +13))
L(T,w) = ¢(t,w,w,w?)

Where,

Upw = v + 280y tly + 28 4,0 + LU, + 28UV, + £, V2 = yu2,

1

7+ ’hl (61 + v—vo—t)
1 —n—
M+ My, |w | +h2(8, + v_ﬂg_t) +c (v”—:fo_ztt) _ 0
(S 1 - 3.5)
+#3(85 +v_00_t)
+ 2 My (R322 + A5 (m3 + m3) + A5(0F + 103 + 1)
M(T,w) = w
1
r + hl(al + 4)‘—4)‘0—1’)
1 —n—
N + NV |w +h2(62+m) +c(%°0_2:) “o
e 1 - (3.6)
O
+ 2 Nu(h2a? + A3 (m? +m3) + RE(HE + 03 +103))
Y(T,w) = w?
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Then A(t, w) = L(t,w), ut = M, w), vt = N (t, w)for the optimal selection strategy 4"

Proof:

The details of the proof can be found in He and Liang [19], Liang and Huang [20] and Li and Zeng [21].
4. The Optimal Selection Strategies and Efficient Frontier

In this section we used the mean variance utility function (3.3) and separation of variable technique to obtain
the optimal selection strategies for the four assets and also the efficient frontier by solving (3.4), (3.5) and
(3.6).

Recall that?(t, wr,u,v) = u — %(v —u?)
=4y =™ lwu = o =t =4y = 0,0, =14+yu, £y, =B,and £, = _g 4.1)

Substituting (4.1) into (3.4) and differentiating (3.4) with respect to £, £, and £5 and solving for A, A,
and /5, we have

A * _ (61+v —v +t)Lw 47
L T T G- ME)wd, (4.2)
[ (82+ VLo
* __ v—vo+t
he = | (Lo~ YMw)Wdz)] (43)

(4.4)

(83+v —vo +t)Lw
(wa Yqur)Wd3

Where d; = 32, d, = m? + m3, and d3 = 1% + 1% + 13

Substituting (4.2), (4.3) and (4.4) into (3.4) we have

M Y] 1 2 1
v—1vo—2t L%, (61T1r—vo+t) (52T0—00+t) (53Tv—vo+t
Lot £ [+ e (2] - (

)2
v-vo—t wiw—YMZ) dq + dz + d3 ) =0 (45)

1
M, + M, [’Y'w +c (”_vo_n)] S <(61+v ik + Cotomeqrd” + ® .0_4,0+92> +

v-vo-t (Loww-YMZ) dq dy ds
1 1 1
Mww 424, (61 =/zr—1rg+t)2 + (62 1/1r—170+t)2 + (83 =4r—4r0+t)2 =0 (46)
(Lww—rME) dy dz dsz
Proposition 4.1
The optimal investment policy for the three assets are given as
'ﬁro* = 1_1171*_%2*_%3* (47)
+__1 —r(T—t)
b= (84 e (4.8)
*_ 1 - (T—t)
T (R et (4.9)
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hy = (84 o) e (4.10)

v—1vo—t
Proof

We assume a solution for L(t, w) and M (t, w) as follows:

L(t,w) = F()w +@ F(T) =1, G(T) =0

l(t)

Mt w)=HOw+L HT)=1, I(T)=0 (4.11)

L, = wF,(¢) + &8 Gt“) Ly =F(t), Ly =0, Mt wH,(t) + 22 "“) M, = H(t), My, =0

Substituting (4.11) into (4.5), (4.6)

F(t) +rF(t) =0

1 2 1 2 1 2
v—1vo—2t F2(t) (61+v—vo+t) (82+v—vo+t) (63Tv vo+t) _ (412)
G (D) + F(t)cy( —r) 2H2(t)< dq * dz * ds =0
H.(t) +rH(t) =0

1 5 1 5

v—1o—2t F(t) (81+v vo+t)2 (82 =v—vo+t) (83 =v—vo—t) _ (413)
It(t) * H(t)C]/ ( t) H(t) ( dq + dy + ds =0
Solving (4.12) and (4.13), we have
F(t) =e"T-D (4.14)
H(t) = e"TD (4.15)
2 2 2
<%+%+%)(T—t) +
1 2 3
T +(T-7) _ 1 e —+\ 2
G =cy [, = dr+%(em D—1)+; (%+j_§+j_z) ln(%;li) + (4.16)
1 1,01 Tt
(d_1 t z + d_g) ((v—«ro—t)(v—vo—T))
2 2 2
<‘l+5i+5i)(T—t) +
5 dz dz

T re”(T-7) i\ 2

1) = oy [} S —dr 4+ L (er@0 — 1) 4| (g By By (vvoct)” (4.17)
1 2 3 Yo~
1,01 1 T—t
(d_l + d_z t d_g) ((v—vo—t)(v—vo—T))
cff L A (e"(T‘t) —1) +we ™0
t v—vo-1

(ﬁ+_+_)<r_t)+
dy  dyp

| GrirR)m(Es)

1 1 1 T-t
(d_1 + d_z + d_3) ((v—vo—t)(v—vO—T))

L(t,w) = (4.18)
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T7e” "D ¢ (L (T—t) (1)
cl, pra— dr+;(e —1)+we
2 2 2
<%+%+%>(T—t) +
M((t,w) = A s : s 25 3 ) (4.19)
+-| (8r, %2, 9% v—vot
14 (d1 + dy + d3) In (v—«ro—T) +
1,1, 1 T-t
(d_1 + d_z + Z) ((v—vo—t)(v—vo—T))
From (4.11), we have
L,=e"T O .=0M,=e T (4.20)
Substituting (4.20) into (4.8), (4.9) and (4.10), we have
/ILO* = 1 _/hl* _ILZ* _hg*
#_ 1 1 —r(T-t)
hl ywdy (61 + v—dro—t) €
*_ 1 1 —r(T-t)
hz - ywdy (62 + v—vo—t) €
*_ 1 1 - (T—t)
h3 - ywds (63 + v—vo—t) €
Proposition 4.2
The efficient frontier of the pension fund is given as
c fdeT +2(e"T D —1) +awer 0
t v—vo-T r
2 2 2
. <%+%+%)(T—t)+
Ep W [WH(T)] = 1o B ) (4.21)
61, 62 , 83 v—vo—t A*
+ (Z + d_z + g) In (—v—vo—T) + (Vart,w [W (T)])
1 1 1 T-t
(d_l + d_z + a) ((v—vo—t)(v—vo—T))
Proof
Recall that
Var,, [W* (1] = Eq [WH (T)?] = (Epo W (D]?
Vary [L¥(1)] = (M (t,w) = L(t,w)) (4.22)
Substituting (4.18) and (4.19) into (4.22), we have
LN 51) _
(E+vi)ar-o+
* 1 8 , 8, , 6 v—vo—t)?
|4 P M= (2+2+=2 T 4.23
are [1* (1] = 2 (d1 o+ ds) In (v_VO_T) + (4.23)

Gt Gomems)
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_ Vary (LA (D)) (4.24)
§1% .8 :
(dll +dz—2+—>(T t)+
51,682, 6 v—vo—t
(d_1+d_;+d_z)l (v—v((;—T) +

1,11 T-t
\ (d1 Ydy i d3)((v—vg—t)(v—00—T))

E [L* ()] = M(t,w) (4.25)

Substituting (4.19) into (4.25), we have

<X Ir

T 72" (T-T)

cl,

dr + - (e"(T D —1)+we ™D

prm—
<%+diz+—>(T—t)+

| @ d—2+d—3) n(om) +

G+t o)

Substitute (4.24) in (4.26), we have:

Eq [L*(T) = (4.26)

fT ze”(T-D)
C —
t v—vo-1

2 2 2
(&+5L+6L)(T_t)+
dy ds

dy

(B2 ) (Y | (Var W (D)

dq d, ds v—1vo-T

G+ Gamems)

dr+= (e —1) + we” -0
v

Ep o [WYE, . [W" (D)] =

5. Sensitivity Analysis

In this section we present numerical simulations of the optimal investment policy with respect to time using
the following parameters. v = 100; vy = 20;y = 0.05; 7 = 0.02;¢c=1;6; = 0.035;6,
= 0.045; 63 = 0.055;04,=085;0, = 1;03= 0.60; og,= 1.15, ags= 0.75; ag¢= 0.40;
= L(t); lo=1; T = 40;;t = 0:5:20. Unless otherwise stated

Fig. 1. Time Evolution of £,", 4, A, & #3"
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L | | 1 1 L |
0 2 4 6 & 10 2 " ® ® 2
fimet)

Fig. 2. Evolution of #," with different y

Q | | 1 1 | |
0 2z 4 6 8 10 12 4 16 18 20
Tims()

Fig. 3. Evolution of 4," with different +

Fig. 4. Evolution of £, with different risk averse y
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Fig. 5. Evolution of £, " with different +-

Fig. 6. Evolution of #," with different risk averse y
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Fig. 7. Evolution of £, with different rate »
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Fig. 10. Time evolution of the expectation with variance
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6 Discussion

In Fig. 1, the graph of optimal selection strategies for the four assets with respect to time is presented. It was
observed that the optimal selection strategies for the risk free asset increase continuously while that of the
risky assets decreases continuously. This is because the optimal fund size was used at the early stage of the
investment and as retirement age gets closer, the pension plan manager will want to invest more in risk free
asset rather than investing more in the four risky assets. We observed from Figs. 2 and 3, that the optimal
selection strategies of the risk free asset increases with risk aversion coefficient of the pension fund member
and decreases with the interest rate of the risk free asset. The reason being that members with high risk
aversion coefficient are scared of taking risk hence prefer to invest more in risk free assets unlike members
with less risk aversion coefficient who prefer taking risk hence a decrease in the fraction invested in risk free
asset. Contrarily, when the risk free interest rate is more, members will like to invest where there is more
interest and little or no risk hence an increase in investment in risk free asset and a decrease in investment in
the risky assets.

From Figs. 4, 6 and 8, we observed that an investor with high risk aversion coefficient will invest less in the
three risky assets as retirement age draws closer. In Figs. 5, 7 and 9, we observed that as the predetermined
interest rate increases, investment in the three risky assets decreases. Fig. 10, shows that there is a linear
relationship between the expectation and the variance; this implies that when more risk is taken by a
member, he or she is expecting more returns at the time of retirement and vice versa.

7 Conclusion

In conclusion, the optimal selection strategies for four different assets comprising of one risk free asset and
three risky assets whose prices are modelled by geometric Brownian motion was studied when there is a
clause mandating the fund managers to return the accumulations with predetermined interest to members
who lost their life during the accumulation period. A stochastic optimal control problem was formulated
with the help of the actuarial symbol consisting of the invested fund, member’s monthly contributions and
the returned funds. Next, we established an optimization problem from the extended Hamilton Jacobi
Bellman equations and solved the optimization problem for the optimal selection strategies of the four assets
and the efficient frontier of the pension members. Furthermore, we present a sensitivity analysis of the
optimal selection strategies of the four assets with respect to time.
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