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1. Introduction

The classical form of Griiss inequality, first published by G. Griiss in 1935,
gives an estimate of the difference between the integral of the product and the
product of the integrals of two functions. In recent years, several bounds for
the Cebysev functional in various cases including convexity assumptions for the
functions involved are proved. In the subsequent years, many variants of these
inequalities appeared in the literature (see, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]).
In 1935, G. Griiss [4] proved the following inequality:
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provided that f and g are two integrable function on [a, b] satisfying the condition
< f(x) <® and vy <g(z) <T for all z € [a,b].

The constant % is best possible.
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In 1882, P. L. Cebysev [13] gave the following inequality:
IT(f,9)] < 12(b—a) 1 o 19"l »

where f, g : [a,b] — R are absolutely continuous function, whose first derivatives
f' and ¢’ are bounded,
b

b_a/f ia/g(x)dﬂf

a

T(f x)dx —

and |||, denotes the norm in Ly[a,b] defined as ||p||,, = esssup|p(t)|.
t€la,b]

In [14], Beesack et al. have proved the following Cebysev inequality for absolutely
continuous functions whose first derivatives belong to Lp spaces.
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where |||, = af|h(:ﬂ)|p dr| , Vp>1and %Jr % =1.

In this paper, some inequalities related to Chebyshev’s functional are proved.
We give our results in the case of differentiable functions whose derivatives and
theirself belong to Ly[a,b], 1 < p < oco.

2. Main results

Theorem 2.1. Let f,g : [a,b] — R be an absolutely continuous function on
[a,b] so that |f'| and |g'| are convex on [a,].
(1) If f,f',9,9 € Loola, b, then we have
(b—a)
T (f, 9 < == llglloo 15 lloc + [1Fllc ll9"lloc] (3)
(2) If £, f'.9.9" € Lpla,b], p > 1, %—Fé: 1, then we have

T < 2
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3) If f,f',9,9" € Li]a,b], then we have
1 1
T (9l < 7 lgf Mk +17g'll] + 10-a) Wally (L1 + L1 gl (5)

Proof. For any x,t € [a,b], = # t, we write

1
f(l’)— /
= f Fall Az + At]dA
r—1 x—t/ 0/
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and so

f@)=ft)+(@—1t) | f/1(1=Nz+ At]dA\ (6)

o _

Let’s rewrite (6) as follows

g(x)=gt)+ (@ —1t) [ ¢"[(1 — Nz + At]dA. (7)

o—__

Multiplying (6) by g(x) and (7) by f(x), adding the resulting identities, and
integrate over z,t € [a,b], and divide by (b—a)?, we have

fa) /b f@)g(@)dz = /b g(w)de
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]

F (1= Nz + Mt] dAdtda

g [(1 = Nz + At] dAdtdx
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and rewriting we get

1
T(f,g9) = (x —t)g / F (1= Nz + M]dM\dtdz ~ (8)
0

b b 1
1 !
Q(ba)?a/a/(x_t)f(ff)o/g [(1— Nz + ] dAdtda.

(1) Thus, using the properties of modulus and the convexity of |f’| and |¢’|, we
have
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for z,t € [a,b], and the inequality (3) is proved.
(2) As above, we rewrite

T (f,9) <

b b
1 / /
POE / / o= ] lg()| 1 @)| + 5@ lg (@) dede (9)

b b

1 / /
T / / & — 1] [lg(@)] 1 £ (0)] + 1/ (@) g/ ()] ded.

Using the Holder’s inequality for p > 1, % + % =1, we have

T (f:9)l

)
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. { (/b/b o) |f' (@) + 1 )Ig’(a:)]”dtdx)
b b b b 1
+ (//|9 |p|f |pdtdx) + (//|f(x)p|g/(t)|pdtdx) }
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and the inequality (4) is proved.
(3) We consider the inequality (9) that
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and the inequality (5) is proved. O

Theorem 2.2. Let f,g : [a,b] = R be an absolutely continuous function on
[a,b] so that |f'|" and |¢'|" with p > lare convex on [a,b].

(1) If f, 9,9 € Loola,b], then we have
(b—a)
7 (fo9)l < === llglloo 1/ lloe + 11/l ll9"lloc] (10)

(2) If £, f'.9.9" € Lyp[a,b], p > 1, ]%Jr % =1, then we have

2751 (b— a)‘gf1
[(q+1)(g+2)]7
x {((b —a) lgf'I1% + llgll? \|f’||§)E + ((b —a)[lfg'lly + 11115 IIg’Ii)”} 7

(3) If £, f',9,9" € Lpla,b], then we have

1T (f.9)| < (11)
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Proof. By Hélder’s inequality and using the convexity of |f/|”, we get
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From (8) and using the properties of modulus and the convexity of |f’|” and

lg'|?, we have

b b 1
1 F@F + 17O
79 < 2@@,//mugmn( A HOEY e 19

b

//|x t]f(z ('g( o)l +lg OF );dtdx
for x,t € [a,b].

(1) If we take f, f',9,¢' € Loola, b], then from (13), we have

T(f,9)l
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6

for any x,t € [a, b], the inequality is proved.
2)If £, f',9,9 € Lpla,b], p > 1, %—i—% = 1, then from (13) and by Hoélder’s

inequality we have
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- [((b —a) lof'I5 + lgllZ 1.£'15)
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which is proved the inequality (11).

3) If f,f,9,¢ € Lyla,b], then from (13) and by Hoélder’s inequality we also

have
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CEDLR ((” ‘“”'%‘b‘a') / [(6=a)ldOF + 17412]"

2 t€la,b] 2
a
R SN
—a)¢
< O [[o-airor+ o)) | [
o )l—1 b /b i
—Qa q
= - algor + 151 a ( 19dt
_(b_a)% ”/p ”/p% P ”/;0%
which is proved the inequality (12). O
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