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Abstract: The generalized inverse Gaussian distribution converges in law to the inverse gamma or the gamma
distribution under certain conditions on the parameters. It is the same for the Kummer’s distribution to the
gamma or beta distribution. We provide explicit upper bounds for the total variation distance between such
generalized inverse Gaussian distribution and its gamma or inverse gamma limit laws, on the one hand, and
between Kummer’s distribution and its gamma or beta limit laws on the other hand.
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1. Introduction

T he generalized inverse Gaussian (hereafter GIG) distribution with parameters p € R,a > 0,b > 0 has
density

/2
Mxpilef%(a}h*»b/x), X > 0, (1)

" 2K, (Vab)

where K}, is the modified Bessel function of the third kind.

In [1], the authors have established the rate of convergence of the GIG distribution to the gamma
distribution by Stein’s method. In order to compare the rate of convergence obtained via Stein’s method with
the rate obtained by using another distance, the authors have established an explicit upper bound of the total
variation distance between the GIG random variable and the gamma random variable, which is of order n~1/4
for the case p = 1. We generalize this result by providing the order of the rate of convergence in total variation
of the GIG distribution to the gamma distribution for all p = k + %, k € N. In particular, we obtain a rate of

8p,ab (x)

convergence of order n /2 for p = %, which is better than the one in [1].
Fora > 0,b € R, ¢ > 0, the Kummer distribution K(a, b, c) has density function

1
Kap,e(x) = I'(a)p(a,1—10;c)

XN 4 x) 7 e, (x> 0) )

where ¢ is the confluent hypergeometric function of the second kind and I' is the gamma function. Details on
the GIG and the Kummer distributions can be found in [1-5] and references therein.
For 6 > 0, A > 0, the gamma distribution (6, A) has density function

AP o
Y(0,A)(x) = er le Ax]l{x>o}~

For 6 > 0, A > 0, the inverse gamma distribution Iy(6, A) has density function

A o s
Iv(0,A)(x) = mx et Lixs0-
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The beta distributions of type 2 8(?) (a,b) has density

B0 = g

We have the following definition and a Property of the total variation distance.

71(1 + X)iaib]l{x>0}, a>0, b>0.

Definition 1. Let W and Z be two continuous real random variables, with density fiy and f7 respectively.
Then, the total variation distance between W and Z is given by

av(W,2) = 5 [ 1fw() = fo()]d. ®

Property 1. Consider W and Z be two continuous random variables. Let fyy (resp. fz) the density of W (resp.
Z) on (0,00). Assume that the function x — fy(x) — fz(x) has a unique zero A on (0, o).

1. If fwy(x) — fz(x) is positive for x < A and negative for x > A, then

dry(W,Z) = /fw (x)dx

2. If fyy(x) — fz(x) is negative for x < A and positive for x > A, then
A
drv(W,2) = [ f2(0) = f(x)dx.

Proof. Let Fy (resp. Fz) be the distribution function of W (resp. Z). If fyy(x) — fz(x) is positive for x < A and
negative for x > A, then

drv(W,Z) = 2/ |fw(x) = fz(x)| dx
= 2 [ w0~ frx = [ fw) S
= 2 [ )~ o+ L[ () ~ E2 1)

=1 [t *fz(x)der% [ )~ o

= [ )~ fo )

which proves the item 1. For item 2, using similar arguments as in the previous case leads to the result. [

Remark 1. The support of the densities may be any interval, but here we take this support to be (0, c0) in the
purpose of the application to the GIG and Kummer’s distributions.

The aim of this paper is to provide a bound for the distance between a GIG (resp. a Kummer’s) random
variable and its limiting inverse gamma or gamma variables (resp. gamma or beta variables), and therefore to
give a contribution to the study of the rate of convergence in the limit theorems involved. Section 2 presents
the main results and their proofs in Section 3.

2. Main results

2.1. On the rate of convergence of the generalized inverse Gaussian distribution to the inverse gamma
distribution

The first main result is presented in Theorem 1 below. We recall the convergence of the GIG distribution
to the inverse gamma distribution as Proposition 1.



Open ]. Math. Sci. 2021, 5, 182-191 184

1 1

Proposition 1. Fork € N, b > 0, let (X;,),>1 be a sequence of random variables such that X, ~ GIG (—k 2y b)

for each n > 1. Then, as n — oo, the sequence (X,),>1 converges in law to a random variable X following the
Iy (k + %, %) distribution.

Theorem 1. Under the assumptions and notations of Proposition 1, we have:

A1y (Xa, X) < ;ﬁ < V. @

Remark 2. The upper bound provided by Theorem 1 is of order n~1/2.

Table 1 and Table 2 are some numerical results for k = 0. This case is particularly interesting since
it corresponds to the inverse Gaussian distribution used in data analysis when the observations are highly
right-skewed [6,7]. The inverse Gaussian law is the distribution of the first hitting time for a Brownian motion

[8].

Table 1. Numerical values for b = 0.1 and k =0

n dTv(XﬁPX) \}HX V@
1000 0.008963786 0.01
10000 0.002983103 0.003162278
100000 0.0004934534 0.001

1000000 0.0001549545 0.0003162278
10000000 | 4.948836x 10> 0.0001
100000000 | 1.570466x 10> | 3.162278x 10~

Table 2. Numerical values forb =1and k =0

n dTv(XﬁPX) szx V@
1000 0.02614564 0.03162278
10000 0.008963782 0.01
100000 0.002971153 0.003162278
1000000 0.0004843202 0.001
10000000 0.0001553049 0.0003162278
100000000 | 4.927859x 10> 0.0001

2.2. On the rate of convergence of the generalized inverse Gaussian distribution to the gamma distribution

Theorem 2. For p > 0,a > 0, let (Y;,),>1 be a sequence of random variables such that

1
Y, ~ GIG (p, a, n> foreachn > 1. As n — oo, the sequence (Yy) converges in distribution to a random variable A
following the -y (p, 5) distribution.

ey

np+1

an

1 14
8 (mwn/a)) * 2 22(1 4 p)

©)

where ay,

Corollary 1. The upper bound provided by Theorem 2 is of order n=1/2 for p = % and of order n= for all p of the form
p=k+ %, k > 1, k integer.

Remark 3. In [1], by Stein method, the authors have established an explicit upper bound of |h(Y,,) — h(A)]
given a regular function / in C, the class of bounded functions / : Ry — R for which 1/, 1, h®) exist and are
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bounded. For p = k + %, k > 1, k integer, the upper bound provided in [1] by Stein method is of order n !
(Proposition 3.3). This is the same in our result. In addition, our upper bound is quite simple when compared
to the one in [1] obtained by Stein’s method (Theorem 3.1), and sharper than the one obtained in Proposition
3.4 [1].

2.3. On the rate of convergence of the Kummer distribution to the gamma distribution

As in the previous subsection, the following theorem contains the rate of convergence in total variation of
the Kummer distribution to the gamma distribution.

Theorem 3. Let (Vy;),>1 be a sequence of random variables such that V,, ~ K (a, —a+ %, c) witha > 0, ¢ > 0. Then,

1. As n — oo, the sequence (V) converges in distribution to a random variable A following the vy (a, ¢) distribution.

2.
1) 1
dTV(VH/ A) S -

(6n/0)™" (6)

and § = rc(a)'

_ 1
where 0 = F(a)tp(a,lJraf%;c)

Tables 3 and 4 present the numerical results for fixed values 4, c and n.

0 ! (6n/6)™.

")

The Upper bound is

Table 3. Numerical results fora =c =1

n dry (Vu, A) Upper bound
1000 0.0001721703 0.001817133
10000 1.721839x10° | 1.815646 x10~*
100000 1.721869x10° | 1.815546x10~°
1000000 | 1.722037x10~7 | 1.816018x10~°
10000000 | 1.723704x10~% | 1.820897x10~7
100000000 | 1.740368x 107 | 1.870423 x10~8

Table 4. Numerical results fora = 1.5and ¢ = 3

n dry (Xn, X) Upper bound
1000 0.0001045401 0.005830092
10000 1.045445x10° | 5.828016 x10~*
100000 1.045512x10° | 5.82978x107°
1000000 | 1.046143x107 | 5.849711x10~°
10000000 | 1.052453x10~% | 6.053044x107
100000000 | 1.360213x 107 | 8.518632 x 108

2.4. On the rate of convergence of the Kummer distribution to the beta distribution

We have the following result.

Theorem 4. Let (Wy,),>1 be a sequence of random variables such that W, ~ K (a, b, %)with a>0,b>0. Then,

1. Asn — oo, (Wy,) converges in law to a random variable W following the B(a, b) distribution.

2.
1 el (a)L'(b) (a+b+1)p,I'(a)T(b)
dry (Wy, W) < n x (a+D)T(a+b) (a+D)T(a+Db) In(@u/ ) @
where ¢, = and ¢ = rr(y;éjb))

1
r 1 b'1
o)
1

Remark 4. Asn — oo, ¢, — ¢. Therefore, the upper bound provided in (7) is of order n~".
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3. Proofs of main results

Proof of Proposition 1. For all x > 0,

k+3
P (X, < x) = (Vbn)kt2 /xt—k—%e*%(%ub/t)dt.
b 0
ey (V)

We now use the well-known fact that (see for instance [9,10]), as x — 0,

Kp(x) ~ {2|p_1r(|P|)x_p’ p # O (8)

—logx, p=0

to see that ) )
) ( /bn)k—&-j pkt+a
lim

Tac (V) 2D
T2

1
For all integer n > 1, k=3¢ 2(3t0/t) < y=k=3,=%  The function t — t* 3¢~ % is integrable on (0,0). By

. . Yo g3 —1(Lt+b/t) Y _p_3 _b
the Lebesgue’s Dominated Convergence Theorem: lgn tr T 2em 2 \n dt = / t7""2e7 21 dt. Hence
n—eo /g 0

x k+1
lim P (X, < x) = / lb—zt*k*%e*%dt.
ne 0 28431 (k+ })

L]
1
Proof of Theorem 1. Let g, and g the densities of X, ~ GIG (—k— %, n'b) and X ~ Iy (k—l— %,%)
/b k+3 kel
distributions respectively.  Let B, = _ (W and B = f’# We have g,(x) =
2K JE 221 (kth)
7k7% n

,an_k_%e*%('l’l”b/x) and g(x) = ,Bx_k_%e_%. Which gives g, (x) — g(x) = (,Bne_%x — /3) x k=3¢~ % Now,

letv,(x) = ﬁne’;?x — B, then v, is decreasing on (0, +0c0) with lim v,(x) = B, —pand lim v,(x) = —p <O0.
x—0+ X—>+00
Also,
5 5 ( /bn)k+% kar%
n— P = -
b k+5 1
O
(\/ﬁ)k—&-% bk-&-%
2K 1y <\/? 21 (k+ )
[ k+l k+34
S S V) R AL (ﬂ)]
2Ky 11 (\/E L 2T (k+§)

1 k+1
Iy P
263 (k+4) \ Vb 0 '
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Then v, have a unique zero A, = 2n1n(B,/B) on (0,0). Hence g, (x) — g(x) > 0if x < A, and gu(x) — g(x) <
01if x > Ay. Using Property 1, we have:

A

drv (X, X) = [ gulx) - g()dx.

An
Then integrating / gn(x)dx by part, we get:
0

X X An
drv(Xn, X) = [5;1621""/ tkgethdt} ﬁ"/ 67%"/ t*kfgef%dtdx—ﬁ/ k3o Hdx
0 0 2n 0 0

A x A

1 n 3 b n 1 3 b no 4 3 _ b

:ﬁne_ﬂ“/ t_k_ie_ﬁdt+&/ e~ ¥ t_k_fe_?dtdx—ﬁ/ X" 2T wdx
0 2n Jo Jo

An /3n x “k_3 _b
:ﬁ/ t 2e 2tdt+ / e~ % / e thtdx—ﬁ/ 2¢ 2¢dx
0 0 0

A
= ﬁ—"/ ne_%x/ t_k_fe_fdtdx.
2n Jo 0

_1y
Since x — e’%" is decreasing and positive on (0, 0), for all x and ¢ such that 0 < t < x,1 < ¢’ — we have:
e n
An rx
dry (X, X) < &/ / k=3 o= 3o~ It dtdx
nJjo Jo
_ 1 A% k3 —3(Lt+b/t)
= %/0 /0 But ™" 2672 dtdx
1 [
<
<2 Jo dx
1
= %)\n
= In(Bn/B).
So
K,m \/;:>lnﬁn/ﬁ) 1n<f> 7><\ffork_o
and
b
b n
K3/2< Z): Lb \/7<1+\§>:>1n(,5n/,3) ¢ ; ngﬁxx/gforkzl.
2\/; 1+ \/;
r —i
. A b (k+i)! \/? (k)T
For k > 2, since K_k_% (\/;> = ﬁe \/7 (1—1—2 A= 2 ” andF(k+ ) = gy SO

we have
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i () (B) B () )

Therefore, for k > 2, we have

1
In(B,/B) =In — | < —=x Vb
e ((J2) 4 (E) <5 i () [ v
* @ n) TA\Vu) X l; k- \ "V
O
p/2 .
Proof of Theorem 2. Let a;, = (a7 and & = (?/(;T Denote by h;, (rep. <) the density of Y,, ~

%, (1)

GIG (p,a,i) (resp. Y ~ 7(p,a/2)). We have h,(x) = wnxpfle_%(““%) and 7(x) = axP~le~2*. Which

a 1
gives hy(x) — y(x) = (ane*ﬁ - oc) xP~le~2% is negative if x < r, = —— . Hence
2nln (—")
«
dry (Yn,Y) = /An y(x) — gn(x)dx = Sn /r,, l672;7 /x tr—le~ 3t dtdx.
0 2n Jo x? 0

X a
Integration by part of / tP~le~2'dt leads to
0

Tn Tn
dry (Y, Y) < &n / xP—2e=2 (A% +35) gy + L/ xP ez dy = Ay + By,
2np Jo ) Jo

where

n /2 K, _ a » P
Ay = fn /r xP—2e= 2 (0% 5) gy — 1 _(an)? % _F ! (\/;) /r (an)
0 0 K

R 0 R 0

and

ana o 4 1 ana p .1 aa 1
B, =—— p gy < — pOTT— .
" 4np<1+p>/o T L) 207 2p2(1 4 p)nP 1 (In(aw/a))?

O

Proof of Corollary 1. By equivalence (8), as n — +oo, we have
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1 X 4 if p>1
n 4p(p—1) p=>
a
L><—\/a1<p71(\/;>~ 1 atd-p if0<p<l1
Vi (J2) T BT '

2 a

Since K/, (ﬂ) = u ef\/g, we have

S

1 1 vz o 1
272 "\ In(an/a) n—eo “57E X A7A

Vi (2

- 1+X)WhereX:\/z—>0asn—>oo.Wehave
1+f
n
X2 X2
€X 1+X+7+0(7) XZ (XZ) a (1)

— :1 J—
11X 11X Ty e "

1 1 82 2\ %/2
w52 In(a, /o) e X\ ’

Forall p = k+1/2,k > 2, k integer, we have

1\ 1
(ln(zxn/tx)) B k+1/2°

a
n

Forp = 3, In(a,/a) = In

Hence

e

k1 i)! 2\
v (VD) () e () )

In

i=1

k—1 . —i
Kkiok k k (k+1)' a
LetX:\/Eandezl—O—(z%!(( %) +( %) XZ;W 2 . .For k = 2, we have Dy, =
1=

1+ 1(X2+43X) =1+ 1X + X2 By induction on k, Dy can be written in the form

k—1
Dk:1+X+ﬁX2+C3X3+“'+Cka, ez, , 0 € R
2 xk+1

i VI — X = X X k1 i
Since X — 0 asn — oo, we have e e 1+X—0—2!—|— +(k+1)!+O<X ),and,bydomgthe

Euclidean division as in the case p = % (k = 1), there exist constants b3, - - - , bx1 such that,

eX 1
S 1 o X2+ 5y XP 4+ B XE 4 by X o (XK
Dy Tak—nt TR T A b +"( )
a an3/2 a\k/2 a5t 1
=14bm+by (o) b (5) T b (5) +0<nk§1>’
1
b= a1y 7O
Hence
1 1 N !
nkt3/2 k+1/2 "o e
[In(ay, /)] n[b2a+b3a3/2><nll/z+"'+bk+1ak42rlX k1—1:|
n 2
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_ n _ : _ 1 _
Proof of Theorem 3. Let 6, = (4,/0) 1, with §,, = T gl and 6 = ( i As in the GIG case, we

have

1

dry(Vu, A) = / Snx™ (1 x) e — ox" e T | dx

X
= / (1+x) 7};1/ Lot didx
0 0
On
< — / (1+x) —5lydy
0
511 9” ,l,1 X !
/0 + x) Trx dx
On
g‘s—”/ (14 x)" 5 1dx
na Jo
5( Lot )
na a_ﬁ
Sél 5 /5 an—1
1)
1
(o)

O

Proof of Theorem 4. Let 0, = nIn(¢,/¢) with ¢, =

T K(a+b)
Fap(aisn) 4 ¢ = Fare Then

dry (W, W =3 / Pnx" (1 +x)7" bemu¥ px" (1 + x)f‘z*b’ dx

:/0 qana— (1+x)—a—be—%x_(an—l(1+x)—a—bdx
on X

— ﬂ/ e—%x/ #N(1 + £) 7" Pdtdx
0 0

n

On X
_ ﬂ/ Bt (ix“(l )b 270 : b / (1 + t)‘“‘b—ldt> dx
0 0

n

On 0 X
= n / (1 4 x) Ve bxgy 4 DO / e*%"/ (14 1)~ Latdx
na Jo na 0 0

:CH+DHI

where
Co= L2 [™ a1y 0 b i = 2 [™ a1 42y 001 (1 4o iy
na Jo na Jo
m£&+ﬁfgﬂ+maﬁwgﬁiﬁagﬂu+x)“bmx
71{111:((11—}—17)—1—(1))(1 +0on)
)T

_ 1 e l(a)(b) @al(a)T(b)
_EX(a+mma+m*wa+mr@+bﬂM%M@,

| /\

| /\

and

_(a+b)on [ 1, %, a ¢nI'(a)T'(b)
D"_T/o e /O #1(1+ 1)~ dtdx <Wln((pn/(p).

O
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